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Abstract

How would a heavy new field from beyond the Standard Model leave its imprint on a
process like muon decay that occurs well below the electroweak scale? In order to bridge
the energy regimes and investigate the traces of new physics within the phenomenology of
muon decay, we perturb the Michel parameters in the presence of Low Energy Effective
Field Theory (LEFT) operators. To infer their UV origin, we collect the matching
Standard Model Effective Field Theory (SMEFT) operators at dimension six and seven.
Finally, we open them up and ask: Which possible Beyond Standard Model (BSM) fields
could produce them? Focusing on two specific BSM fields – a scalar doublet and a vector
singlet – we derive the constraints imposed by precision measurements of muon decay.
This approach synthesizes experimental data and effective field theory matching into a
comprehensive exploration of energy regimes and theoretical layers.

Zusammenfassung

Wie würde sich die Erweiterung des Standardmodells um schwere neue Felder auf einen
Prozess wie den Myonenzerfall auswirken, welcher in einem Energiebereich weit unter-
halb der elektroschwachen Skala stattfindet? Um die Energiebereiche miteinander zu
verbinden und die möglichen Spuren Neuer Physik in der Phänomenologie des Myonen-
zerfalls zu untersuchen, führen wir Störungen der Michelparameter durch Low Energy
Effective Field Theory (LEFT) Operatoren ein. Um den Ursprung dieser effektiven Op-
eratoren im UV-Bereich zu finden, tragen wir zunächst die dazugehörigen Operatoren
der Standard Model Effective Field Theory (SMEFT) der Dimensionen sechs und sieben
zusammen. Abschließend lösen wir diese Operatoren in mögliche UV-Freiheitsgrade auf
und fragen: Welche Felder jenseits des Standardmodells könnten sie erzeugen? Mit beson-
derem Fokus auf zwei spezifische neue Felder – ein skalares Dublett und ein Vektorsin-
gulett – leiten wir die Massebeschränkungen her, die sich aus Präzisionsmessungen des
Myonzerfalls ergeben. Dieser Ansatz verbindet experimentelle Daten mit dem Matching
effektiver Feldtheorien und ermöglicht so eine umfassende Untersuchung verschiedener
Energiebereiche und theoretischer Beschreibungsebenen.
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1. Introduction

The true is the whole. However, the whole is only the essence completing itself through
its own development.

G.W.F Hegel: Phenomenology of Spirit [30, p.11]

The muon was not welcomed quite enthusiastically by particle physicists when it made
its first appearance in cloud chamber experiments in the 1930s [49]: “Who ordered that?”
was Isidor Rabi’s famous reaction to the strange new particle [7], encapturing the dis-
orientation of a scientific community who firmly believed matter to consist of electrons,
neutrons and protons. The muon fits nowhere in this scheme: Sharing all its properties
with the electron except having a mass 200 times higher, the muon seems to be basically
a heavy copy of the electron. Clearly the arrival of the mysterious sibling raised more
questions than it answered.

But soon the muon took its place at the very heart of particle research, acting as a
messenger for a plethora of unknown physics. Being only short-lived itself and quickly
decaying into an electron, it is the spectrum of the latter that provides the main subject
for examination. As the produced electron varies both in energy and momentum at each
decay instance, it follows that two more particles are being produced which carry away
the missing quantities [53]. Those particles were soon identified as neutrinos and in the
Brookhaven experiment [16] shown to exhibit the same sibling-like relation as the muon
and the electron – thus introducing the fundamental idea of the Standard Model that
all matter particles exist as generations. But beyond that, the electron spectrum can be
turned into a systematic probe of the underlying interaction with the parametrization
that Louis Michel introduced [47]: The shape of the isotropic and anisotropic parts of
the the electron spectrum can be described by multiple Michel parameters and were a
cornerstone for establishing the vector-axial nature of weak theory [54, 24]. So overall
muon decay has served for many decades as almost a kind of Rosetta stone for particle
physics. But – has its translative potential truly been exhausted yet?

The apparently local interaction governing muon decay was eventually understood as the
low-energy limit of a W boson mediation. Invisible at the energy scale of muon decay, the
heavyW boson becomes a dynamic degree of freedom only in the high-energy regime such
as in particle colliders [5, 6] – but leaves an imprint on the low-energy regime: Its mass
for example determines the decay rate of the muon. Could there be other heavy particles
veiled in a similar fashion? In order to bridge the energy regimes and systematically probe
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for new physics, we perturb the standard set of Michel parameters ρ, η, η′′, δ, ξ, ξ′, ξ′′, α
′

A ,
β′

A
and the Fermi constant GF with Low Energy Effective Field Theory (LEFT) operators.
By matching them at the electroweak scale onto the Standard Model Effective Field
Theory (SMEFT) we trace the perturbations upward on the energy scale. At the scale
of new physics we open up the SMEFT operators and ask: Which heavy new fields could
produce them? This approach allows us to systematically collect all Beyond the Standard
Model (BSM) fields which at tree-level produce effective operators that perturb muon
decay. The experimental values of the Michel parameters can then be translated into
boundaries for the masses of heavy new fields. In this way we hold yet another reading
of the Rosetta stone that is muon decay and explore whether it has really revealed all of
its secrets already.

The structure of the thesis is as follows: The second chapter revolves around the Michel
parameters of muon decay, whereby we first briefly introduce the Standard Model and
its effective description of muon decay. Subsequently the parameters themselves are
introduced and how they shed light on the underlying interaction of muon decay. We
end the chapter with a discussion of the observational values for the Michel parameters
and how to appropriately account for their correlations.

In Chapter three the LEFT is introduced and we show how the presence of LEFT opera-
tors perturbs the Michel parameters. We present our calculations for the case of SM-like
neutrino output and the full four-fermion results. This allows us to present constraints for
various LEFT operators of dimension six. Finally the Renormalization Group Equations
are applied to evolve the LEFT operators up to the electroweak scale.

As we reach the electroweak scale in chapter four, we are ready to delve into the Stan-
dard Model Effective Field Theory (SMEFT). After a brief introduction we match our
LEFT operators of dimension six to SMEFT operators of dimensions six and seven. By
employing the Renormalization Group Equations we translate the LEFT boundaries to
SMEFT boundaries both at the EW scale and at the scale of new physics.

At the energy scale of new physics in chapter five we use the complete tree-level dictionary
for BSM fields to SMEFT operators up to dimension seven to collect the possible UV
origins for our set of SMEFT operators.

In chapter six we present our results: The constraints for a charged electroweak scalar
doublet and a correlated neutral vector mediator which produces multiple LEFT oper-
ators that perturb muon decay are derived. We discuss the effects that an extension of
the SM by each of the heavy particles would have and compare our constraints to the
literature.

The outlook in chapter seven gives us the opportunity to reflect on the directive of our
investigation. Starting from the low-energy regime and the experimental data for muon
decay, our approach is effectively bottom-up: We expand the theoretical space of muon
decay and trace the perturbations upwards. This contradicts the implicit assumption
of many studies that a concrete UV model is the right starting point for investigation,
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because it represent the actual objective of particle research: The “true” UV-complete
Lagrangian, which encompasses the “whole” phenomenology of particle physics. But
theoretical layers and experimental data sets stretch out a far more complex and dynam-
ical space than a top-down system. For the course of this thesis we consequently place
more emphasis on the movement within the energy scale and between operator bases
– through renormalization group equations and matching conditions – than on the UV
models themselves.

1.1. Notation

We use the following notation:

L
(d)
i Wilson coefficients of the LEFT (1.1)

C
(d)
i Wilson coefficients of the SMEFT (1.2)

OX Operators of the LEFT or the SMEFT (1.3)

l Lepton doublet (1.4)

v VEV (1.5)

Si UV scalars (1.6)

Fi UV fermions (1.7)

Vi UV vectors (1.8)

q Muon momentum (1.9)

mµ Muon mass (1.10)

p Electron momentum (1.11)

Ee Electron energy (1.12)

me Electron mass (1.13)

ki Neutrino momenta (1.14)
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2. Muon decay in the Standard Model

We briefly introduce the Standard Model (SM) of particle physics – its gauge symmetry,
field contents and Lagrangian density. For muon decay, however, we do not need the full
SM: At the energy scale of the muon mass, the W boson is not a dynamical degree of
freedom and can be intergrated out. The effective theory obtained this way resembles
the historical four-Fermi theory and we use it to derive the decay width for muon decay.

W−

µ−

ν̄e

e−

νµ

Figure 2.1.: Muon decay in the Standard Model

2.1. The Standard Model

The fundamental structuring principle for the Standard Model is its local gauge symmetry
group:

SU(3)C × SU(2)L × U(1)Y (2.1)

The first subgroup SU(3)C defines quantum chromodynamics, the theory of strong in-
teractions governing quarks by means of 8 massless gluons. The other two subgroups
SU(2)L×U(1)Y jointly represents the unified electroweak sector. The three generations
of left-handed lepton fields l and quark fields q transform as doublets under SU(2)L,
whereas the right-handed lepton e, up-type quark u and down-type quark d transform
as singlets. The gauge bosons of SU(2)L thus couple exclusively to left-handed fermions,
rendering electroweak theory chiral. The completing building block of the SM is the
Higgs doublet H. After it acquires a vacuum expectation value (VEV) at an energy of
v ≈ 246 GeV it no longer transforms as a SU(2)L doublet but as a singlet – and the three
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remaining degrees of freedom are absorbed by three vector bosons obtaining a mass. The
Higgs VEV thus defines the electroweak scale, below which the SU(2)L × U(1)Y sym-
metry group is broken and only the electromagnetic U(1)em symmetry applies. Above
the electroweak scale the entire symmetry group SU(2)L × U(1)Y applies and the full
Lagrangian density is constructed as a renormalizable and gauge invariant theory:

LSM = −1

4
GAµνG

Aµν − 1

4
W I
µνW

Iµν − 1

4
BµνB

µν + (DµH
†)(DµH) +

∑︂
ψ=q,l,e,u,d

ψ i /Dψ

− λ
(︃
H†H − 1

2
v2
)︃2

−
[︃
H†jd Yd qj + ˜︁H†juYuQj +H†je Ye lj + h.c.

]︃
(2.2)

The gauge covariant derivative is:

Dµ = ∂µ + ig3T
AAAµ + 1

2 ig2σ
IW I

µ + ig1yBµ (2.3)

Here, TA are the SU(3)C generators, the Pauli matrices 1
2σ

I generate SU(2)L, and y
is the U(1)Y hypercharge generator. The fermion fields have weak-eigenstate indices
r = 1, ..., 3 and the Yukawa couplings are 3× 3 matrices. ˜︁H is defined by

˜︁Hj = ϵjkH
† k (2.4)

Here, an SU(2) invariant tensor ϵjk is defined by ϵ12 = 1 and ϵjk = −ϵkj , j, k = 1, 2.

As we mentioned, the vacuum of the Higgs is invariant under the electromagnetic gen-
erator Q = T 3 + y, but not under the remaining generators of SU(2)L × U(1)Y . The
electroweak symmetry is therefore spontaneously broken according to:

SU(2)L × U(1)Y −→ U(1)em (2.5)

In unitary gauge, the Higgs doublet can be written as:

H(x) =
1√
2

(︃
0

v + h(x)

)︃
(2.6)

It is useful at this point to introduce the gauge fields of the broken phase. The charged
fields are defined by:

W±
µ =

1√
2

(︁
W 1
µ ∓ iW 2

µ

)︁
(2.7)

The two neutral gauge fields mix according to:

Zµ = cos θW W 3
µ − sin θW Bµ (2.8)

Aµ = sin θW W 3
µ + cos θW Bµ (2.9)
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The rotation into the physical fields is in terms of the weak mixing angle θW :

tan θW =
g1
g2

sin θW =
g1√︁
g21 + g22

cos θW =
g2√︁
g21 + g22

(2.10)

Substituting the Higgs VEV of Eq. 2.6 into the Higgs kinetic term in gives:

(DµH)†(DµH) ⊃ g22v
2

4
W+
µ W

−µ +
v2

8

(︁
g2W

3
µ − g1Bµ

)︁2 (2.11)

= m2
WW

+
µ W

−µ +
1

2
m2
ZZµZ

µ, (2.12)

So the mass of the W boson is set by the Higgs VEV and experimentally measured as
80.3692(133) GeV [48] – three order of magnitudes higher than the mass of the muon,
which resides at 105.6583755(23) MeV [48] and which is why we are permitted to integrate
the W boson out of the description of muon decay, as we will now see.

2.2. Weak interactions and leptonic currents

We wish to find a description for muon decay in the SM, whereby we will use the following
momenta convention:

µ−(q)→ ν̄e(k1) + νµ(k2) + e−(p) (2.13)

From the fermion sector of the SM Lagrangian 2.2 we can derive the interaction term of
the lepton doublet with the SU(2)L gauge bosons:

LSU(2)L
int = l̄iγµ 1

2 ig2σ
IW I

µ l (2.14)

We expand the product of the Pauli matrices and the weak gauge fields and rotate the
latter to their physical, charged fields according to Eq. 2.7. We then find the following
interaction terms (dropping flavor indices):

LSU(2)L
int =

g2
2

(︂
ν̄Lγ

µW 3
µνL − ēLγµW 3

µeL +
√
2ν̄Lγ

µW+
µ eL +

√
2ēLγ

µW−
µ νL

)︂
(2.15)

We see that two interactions
√
2ēLγ

µW−
µ νL allow us to describe muon decay as mediated

by a W− boson (see fig. 2.1). The full invariant amplitude can the be derived by applying
Feynman rules, notably inserting two vertex factors i g√

2
γµPL and the W− propagator

−i
(︂
gµν − kµkν

m2
W

)︂
/
(︁
k2 −m2

W

)︁−1, and setting the spinor momenta according to 2.13:

iM =
[︂
ū(k1)

(︁
i g√

2
γµPL

)︁
u(q)

]︂−i(︂gµν − kµkν
m2

W

)︂
k2 −m2

W

[︂
ū(p)

(︁
i g√

2
γµPL

)︁
u(k2)

]︂
(2.16)

9



The momentum k of the W− boson relates to the momenta of the interacting leptons by
k = q − k1 = k2 + p – but since the momentum exchange is very small compared to the
W boson mass, we can expand the propagator:

−i
(︂
gµν − kµkν

m2
W

)︂
k2 −m2

W

≈ i
gµν
m2
W

+O
(︃
k2

m4
W

)︃
(2.17)

Substituting this simplified propagator back into the amplitude yields:

M = − g22
2m2

W

[ū(k1)γ
µPLu(q)][ū(p)γµPLu(k2)] (2.18)

This result resembles the theory that Fermi presented in 1934 for beta decay [22] where
he conceptualized the process by a four-fermion vector-vector interaction Hamiltonian.
He already speculated about a heavy, undiscovered mechanism and gave an account of
the decay as an approximated local interaction between the two weak currents. In order
to connect his theory with the SM and frame it as a low energy limit of a UV complete
Lagrangian we are adjusting Fermi’s approach to modern terminology, namely by writing
it as an interaction term of two charged currents in a Lagrangian:

LIR =
−4GF√

2
[ēγµPLνe + µ̄γµPLνµ] [ν̄eγµPLe+ ν̄µγµPLµ] (2.19)

The coupling constant GF of this interaction has a factor 4√
2

to appropriately connect
this direct coupling to the SM parameters, as we will see soon. The IR Lagrangian gives
as a Feynman rule the four-fermion vertex −i4GF√

2
[γµPL]ab[γµPL]cd where abcd are Dirac

indices of the respective spinor pairs. Contracting the vertex with the four particles of
muon decay gives the amplitude:

M = −4GF√
2
[ū(k1)γ

µPLu(q)][ū(p)γµPLu(k2)] (2.20)

We see that the IR Lagrangian and the SM Lagrangian in the large mW limit produce
the same amplitude for muon decay if:

−4GF√
2

= − g22
2m2

W

=⇒ GF =

√
2g22

8m2
W

(2.21)

In order to make the connection between the the two theories precise we will now give
an account of how to generally integrate out heavy fields from the Lagrangian and how
to apply the technique to the W− boson.
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W−

µ−

ν̄e

e−

νµ µ−

ν̄e

e−

νµ

q2 ≪ m2
W

g2

q2−m2
W

− g2

m2
W
∝ GF

Figure 2.2.: The four-fermion contact interaction

2.3. Integrating out heavy fields

In the path integral formulation, the dynamics of a system are captured by the generating
functional, which integrates over all possible field configurations. For a theory containing
both light fields, denoted collectively as ϕ, and a heavy field Φ with mass M ≫ E (where
E is the typical energy scale of the physical processes under consideration), the effective
action Seff[ϕ] for the light degrees of freedom is formally defined by integrating out the
heavy field [19]:

eiSeff[ϕ] =

∫︂
DΦ eiS[ϕ,Φ] (2.22)

If the heavy field Φ appears strictly quadratically in the action – for instance, interacting
with a current J(ϕ) composed of light fields via an interaction term JΦ – the path integral
is exactly solvable. It reduces to a multi-dimensional Gaussian integral. By shifting the
integration variable to complete the square, the heavy field can be analytically integrated
out, resulting in a non-local effective action. At low energies (p2 ≪ M2), the heavy
propagator 1/(p2 −M2) collapses to a point-like contact interaction −1/M2, generating
the local operators of the effective field theory.

However, if the heavy field possesses self-interactions or couples non-linearly, the path
integral cannot be evaluated exactly. Instead, one employs the saddle-point approxima-
tion [31]. In the low-energy limit, the path integral is overwhelmingly dominated by the
field configuration that minimizes the action. We expand the heavy field around this
classical stationary configuration Φc:

Φ = Φc + η (2.23)

Here, η represents quantum fluctuations, and Φc is the solution to the Euler-Lagrange
Equation of Motion (EOM), defined by:

δS[ϕ,Φ]

δΦ

⃓⃓⃓⃓
Φ=Φc

= 0 (2.24)
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Expanding the action around Φc yields:

S[ϕ,Φ] = S[ϕ,Φc] +
1

2

δ2S

δΦ2

⃓⃓⃓⃓
Φc

η2 +O(η3) (2.25)

Notably, the linear term in η vanishes by definition of the EOM. The integration over the
quadratic quantum fluctuations η generates a functional determinant, which corresponds
to one-loop quantum corrections. If we restrict our matching procedure strictly to tree-
level, these loop corrections are neglected. The effective action simply becomes the
original action evaluated at the classical minimum:

Stree
eff [ϕ] ≈ S[ϕ,Φc] (2.26)

Therefore, replacing a heavy mediator with its classical equation of motion and substi-
tuting it back into the Lagrangian evaluates the path integral at the tree-level saddle
point. We now perform this calculation for the W± in order to derive the IR Lagrangian
appropriate for muon decay. To this end we first isolate the terms in the electroweak
Lagranigan that contain the W± boson:

LSM ⊃ −
1

2
W+
µνW

−µν +m2
WW

+
µ W

−µ − g√
2

(︂
JµW−

µ + Jµ†W+
µ

)︂
(2.27)

The current Jµ is that of Eq. 2.19, containing only the first and second generation of
leptons:

Jµ = ēγµPLνe + µ̄γµPLνµ (2.28)

To find the EOM we apply the Euler-Lagrange equation:

∂L
∂W−

µ
− ∂ν

∂L
∂(∂νW

−
µ )

= 0 (2.29)

This gives:
m2
WW

+
µ −

g√
2
Jµ + ∂νW+

νµ = 0 (2.30)

The derivative of Wνµ corresponds to the momentum p and the term can therefore be
neglected in the low energy limit, i.e. p

mW
≈ mµ

mW
≈ 0. We therefore have:

W+
µ ≈

g√
2m2

W

Jµ (2.31)

Substituting this back into the Lagrangian 2.27 gives the familiar charged current inter-
action of Eq. 2.19:

LIR = − g2

2m2
W

Jµ†Jµ (2.32)

So this Lagrangian is an adequate description at E = mµ = 105.6583755(23) MeV, which
three orders of magnitudes below mW = 80.3692(133) GeV [48].
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Systematically constructing an whole Effective Field Theory (EFT) from a UV complete
theory by integrating out the heavy degree of freedom represents an example of a top-
down approach to EFTs: Starting from a full theory valid in the high energy limit, in
this case the SM Lagrangian, one derives the appropriate effective theory for the low
energy limit. By requiring the amplitudes in both theories to agree in a certain energy
regime, one matches the couplings of the effective theory, called Wilson coefficients, to
the UV complete theory. The four-Fermi theory, on the other hand, historically started
from the opposite direction: Without knowledge of the SM and the underlying heavy
mechanism it gave an adequate description for weak interactions starting from scratch,
namely directly from the known, interacting fields. Experimental evaluation then allowed
for constraining the effective couplings. For the course of this work both methods are
applied to some extent but the overall directive is a bottom-up approach: Starting from
the phenomenology of muon decay well below the electroweak scale we investigate possible
UV origins. In the next section we see how to to determine Fermi’s constant from the
total decay width - the kinematic space of the electron is, however, far more complex
and in the following section we get acquainted with the Michel parameters that form its
foundation. The ρ parameter, for example, brings to light the V-A nature of the weak
interaction, as we will briefly show.

2.4. Effective Field Theories

Effective Field Theory (EFT) is the idea that physics is separated by scales – or more
precisely it is a set of ideas that justify why this separation works [10]. Notably the
Standard Model (SM) has been validated up to LHC energies despite not being well-
defined in the UV regime due to Landau poles in the electroweak sector. Renormalization
works by regularizing the short-distance physics and absorbing the effects in low energy
effective parameters – see the detailed discussion in chapter 4 of [10] for how dimensional
regularization and the MS scheme correspond to a systematic removal of UV physics
which is the key principle of an EFT. The Lagrangian is then constructed as combining
the IR physics as a local, analytical operator expansion with the UV physics controlling
the corresponding Wilson coefficients.

LEFT ≃
∑︂
i

LUV
i (µ)OIR

i (µ) (2.33)

The first two “prime directives” of EFTs are thus in [10] summarized as:

1. determine a characteristic scale in observables

2. construct the Lagrangian out of the degrees of freedom, i.e. the propagating on-
shell states

Starting from the SM two characteristic scales directly come to mind: The scale of
electroweak symmetry breaking dictated by the Higgs VEV v and the scale of heavy new
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physics Λ. Depending on how one assumes heavy new physics to relate to the Higgs
mechanism two EFTs can be set up by the scale Λ:

1. if one assumes the Higgs to enter the EFT in the form of its scalar doublet H, the
full SM field content above the EW scale is used to construct the Standard Model
Effective Field Theory (SMEFT).

2. the Higgs Effective Field Theory (HEFT) instead treats the physical Higgs and
the Goldstone bosons separatedly. The framework can be described as a chiral
Lagrangian with a light scalar h, organized by a loop/chiral expansion rather than
by canonical dimension [12].

While the HEFT might be more general and appropriate for non-linear UV models, the
SMEFT is in our case the more restrictive and diagnostic tool: As its operators adhere
to the full SU(3)C × SU(2)L ×U(1)Y gauge group one can systematically derive all UV
representations that would generate specific operators – rendering the SMEFT a powerful
mode of investigation in the bottom-up spirit [41].

The scale v on the other hand separates the IR regime from the full SM and allows
expanding the physics above the EW scale by Wilson coefficients divided by powers of v
and the effects of UV physics by powers of Λ. We will first introduce the LEFT in Ch. 3
and subsequently the SMEFT in Ch. 4.

2.5. Total decay width

We want to derive the total decay width for muon decay from the amplitude of four-Fermi
theory:

M = −4GF√
2
[ū(k1)γ

µPLu(q)][ū(p)γµPLu(k2)] (2.34)

If the spins of the outgoing particles are not measured, the expectation value of the
squared amplitude is the following spin sum:

⟨|M|2⟩ =
∑︂
spins

|M|2 (2.35)

Squaring the amplitude, we obtain:

|M|2 =
(︃

g2

2m2
W

)︃2

[u(k1)γ
µPLu(q)][u(p)γµPLu(2)]

× [u(k1)γ
µPLu(q)]

∗[u(p)γµPLu(2)]
∗

(2.36)
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A detailed derivation can be found in [27] - by applying the completeness theorem for
the spin sums and trace identities, the amplitude evaluates to:

⟨|M|2⟩ = 2

(︃
g

MW

)︃4

(q · k3)(k2 · p) (2.37)

The decay rate is calculated by applying Fermi’s Golden Rule:

d3Γ

d3p
=

1

(2π)5
1

4mµEe

∫︂
d3k1
2E1

d3k2
2E2

δ(4)(q − k1 − k2 − p)⟨|M|2⟩ (2.38)

The neutrino phase space is evaluated using the following identity [51, p.308]:∫︂
d3p2
2E2

d3p3
2E3

= δ(4)(Q− p2 − p3)pα2 p
β
3 =

π

24
(gαβQ2 + 2QαQβ) (2.39)

Integrating over all electron momenta gives in the me → 0 limit the total decay width:

Γ =
G2
Fm

5
µ

192π3
(2.40)

Current experiments determine GF to the value [48]:

GF,SM = 1.166 385(6)× 10−5GeV−2 (2.41)

2.6. The Michel parameters

In his work from 1950 [47], Michel set up the most general Lorentz-invariant Hamiltonian
in order to analyze the kinematics of four-fermion interactions:

H1950 =
∑︂

i=S,V,T,A,P

gi(ψ̄eΓiψµ)(ψ̄νΓiψν) + h.c. (2.42)

Because he did not consider the possibility that such an interaction might violate parity,
his Hamiltonian only couples currents of the same kind – scalar, vector, tensor, axial
and pseudo – to each other, resulting in a overall parity-conserving expression. There
are thus 5 coupling constants gi that define his four-fermion theory. Critically, however,
Michel realized that the exact weights of the five different interaction types in the overall
expression only alter the energy spectrum by a single constant. This is because the
neutrinos are not observed and integrated over. When evaluating the squared amplitude
|M|2 one first obtains a product of two traces: One for the electron-muon line and one
for the neutrino line, the latter containing the neutrino momenta k1, k2 - integrating over
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the neutrino phase space thus amounts to solving the following integral:

Iαβ =

∫︂
d3k1
2E1

d3k2
2E2

δ4(Q− k1 − k2)kα1 k
β
2 (2.43)

By pure Lorentz invariance, this can only depend on the total transferred momentum
Q = q−p and the only two rank-two tensors one can build out of Q are the metric tensor
gαβ and the product QαQβ :

Iαβ = A(Q2)gαβ +B(Q2)QαQβ (2.44)

Because the neutrinos are considered to be massless, dimensional analysis and Lorentz
invariance fix A(Q2) ∝ gαβ and B(Q2) ∝ 1. If one contracts the neutrino tensor with
the muon-electron trace, which is built of qµ and pe, scalars of the following kind can be
formed:

Q2 = (qµ − pe)2 ≈ m2
µ − 2mµEe (2.45)

Q · qµ = (qµ − pe) · qµ ≈ m2
µ −mµEe (2.46)

Q · pe = (qµ − pe) · pe ≈ mµEe (2.47)

Every single invariant is simply linear function of the elctron energy Ee and because of
the phase space factor E2

edEe the differential decay rate dΓ/dEe is a polynomial in E2
e

and E3
e . Thus a single parameter suffices to describe the relative weight between the

quadratic and cubic terms and thus the shape of the spectrum – the original Michel
parameter ρ. Expressed in terms of the dimensionless variable x = E/W with W the
maximum electron energy, the spectrum can be written as:

P (x)dx ∝ x2
[︃
3(1− x) + 2ρ

(︃
4

3
x− 1

)︃]︃
dx (2.48)

Current global data gives for the ρ parameter:

ρ = 0.74979± 0.00026 (2.49)

This implies the interaction to consist of vector and axial vector terms:

ρ =
3g2V + 3g2A + 6g2T

g2S + g2P + 4g2V + 4g2A + 6g2T
(2.50)

For LV = −LA = 1 this gives ρ = 3
4 . However, from the experimental value of the ρ

parameter the exact ratio of the V and A term or whether axial and vector current mix
to form a parity-violating term can not be deduced. A paradigm shift took place in 1956
when Lee and Yang, in order to explain the θ − τ puzzle [39], suggested that the weak
force might violate parity – a breakthrough idea, which was experimentally tested a year
later by Chien-Shiung Wu [56]: She confirmed that the electrons in Cobalt-60 decay are
emitted preferentially in the direction opposite to the nuclear spin. In the phenomenology

16



of muon decay parity violation generates an anisotropic part in the electron spectrum. If
one measures the polarization of the decaying muon and the angle by which the electron
is emitted relative to that polarization the probability is not distributed isotropically at
all: The electron is most likely to be ejected in the exact opposite direction to the muon’s
polarization. And this clearly violates parity, since mirroring of the experiment would
leave the polarization invariant but spatially reverse the electron momentum.

In 1957, two groups (Bouchiat & Michel [9] and, independently, Kinoshita & Sirlin [37,
38]) expanded the formalism to match the new chiral reality and introduced additional
parameters for the anisotropic part of the spectrum. The parameter ξ measures parity
violation and δ is again a shape parameter for the anisotropic part of the spectrum.

d2Γanisotr.

dxdcos θ
∝ ξPµ cos θ

(︃
x2(1− x) + 2δ

(︃
4

3
x− 1

)︃)︃
(2.51)

As one can see, the peak of the differential decay width is located at θ = 180◦, the
direction opposite to the muon polarization vector. The SM predicts ξ = 1, maximal
parity violation, and δ = 3

4 , which means the shape of the anisotropic spectrum is also
V-A-like. Both SM predictions are supported by current data [48]:

Pµξ = 1.0009± 0.0012 (2.52)
ξPµδ/ρ = 1.00179± 0.00114 (2.53)

Both groups also introduced a parameter η to account for the finite electron mass shaping
the low-energy end of the spectrum. It reflects the interference of scalar and tensor terms,
which can only produce a non-zero term in the amplitude via mass insertion. As the
Standard Model neither has tensor nor scalar interaction terms, it predicts η to be zero,
which current experimental data supports [48]:

η = 0.057± 0.034 (2.54)

The full spectrum of the electron, when the muon’s polarization and the electron’s mo-
mentum direction relative to it are measured (but not the spin of the electron), thus has
the following form:

d2Γ

dxdcos θ
=
mµ

4π3
W 4G2

F

√︂
x2 − x20

[︃
2x(1− x) + 4

9
ρ(4x2 − 3x− x20)

+ 2ηx0(1− x)−
2

3
ξPµ cos θ

√︂
x2 − x20

(︂
[1− x]

+
2

3
δ
[︁
(4x− 3) + ((1− x20)−1 − 1)

]︁ )︂]︃ (2.55)

If the spin of the electron is also measured, additional Michel parameters can be defined:
ξ′, ξ′′, η′′, α′/A, and β′/A, whereby A is an overall normalization factor and not inde-
pendently determined. In order to account for the elctron spin dependence, we extend
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the parameterization of the differential decay rate as in [48]:

d2Γ

dx d cos θ
=
mµ

4π3
W 4G2

F

√︂
x2 − x20

[︂
FIS(x)− Pµ cos θFAS(x) + ζ̂ · P⃗e(x, θ)

]︂
, (2.56)

The unit vector ζ̂ defines the direction along which the electron polarization, P⃗e, is an-
alyzed. From a theory perspective, we choose ζ̂ such that it projects the polarization
onto a specific axis, such as longitudinal or transverse polarizations. The isotropic and
anisotropic distributions correspond to those defined in Eq. 2.55 – the factor of 2 differ-
ence relative to Eq. 2.55 is because we no longer sum over the electron spin states.

FIS(x) = x(1− x) + 2

9
ρ(4x2 − 3x− x20) + ηx0(1− x) , (2.57)

FAS(x) =
ξ

3

√︂
x2 − x20

[︃
(1− x) + 2

3
δ

(︃
[4x− 3] +

[︃√︂
1− x20 − 1

]︃)︃]︃
. (2.58)

The additional electron spin dependent terms follow from expanding the electron spin
dependence as P⃗e(x, θ) = PT1 x̂1 + PT2 x̂2 + PLx̂3. The direction x̂3 is chosen along
the electron momentum, x̂1 lies in the decay plane and is transverse to the electron
momentum, and x̂2 is orthogonal to both x̂1 and x̂3. The kinematics are outlined in
further detail in appendix A and specifically our method for projecting out each Michel
parameter is discussed in appendix A.2. With this choice, the polarization components
are given by:

PT1 =
Pµ sin θ

12

[︃
−2
(︃
ξ′′ + 12

[︃
ρ− 3

4

]︃)︃
(1− x)x0

− 3η
(︁
x2 − x20

)︁
+ η′′

(︁
−3x2 + 4x− x20

)︁ ]︂
(2.59)

PT2 =
Pµ sin θ

3

√︂
x2 − x20

[︃
3
α′

A
(1− x) + 2

β′

A

√︂
1− x20

]︃
(2.60)

PL =− FIP (x) + Pµ cos θFAP (x) (2.61)

FIP (x) =

√︁
x2 − x20
54

[︃
9ξ′
(︃
−2x+ 2 +

√︂
1− x20

)︃
+4ξ

(︃
δ − 3

4

)︃(︃
4x− 4 +

√︂
1− x20

)︃]︃
(2.62)

FAP (x) =
1

6

[︃
ξ′′
(︁
2x2 − x− x20

)︁
+ 4

(︃
ρ− 3

4

)︃(︁
4x2 − 3x− x20

)︁
+ 2η′′(1− x)x0

]︃
(2.63)
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These different contributions can be qualitatively understood as follows:

• The longitudinal polarization, PL, corresponds to alignment of the electron mo-
mentum with its polarization. The corresponding contributions in addition to the
usual Michel parameters are ξ′, ξ′′, and η′′. These terms also include contributions
from ρ and δ as defined above.

• The transverse polarization PT1 lies in the decay plane. It receives contributions
from ξ′′ and η′′ along with contributions from the previously defined ρ and η. It
includes angular dependence in the form of sin θ.

• The transverse polarization PT2 is perpendicular to the decay plane. It is T -odd
and therefore sensitive to time-reversal violating effects, we will see in the LEFT
interpretation its only contributions (at leading order) come from operators that
don’t conserve lepton number. It also includes angular dependence of the form sin θ.
The parameters α′/A and β′/A are constrained by considering this kinematical
region. We treat α′/A and β′/A as independent variables, not ratios. Their labeling
as ratios comes from a different, but equivalent treatment of the Michel parameters.

In the SM we have for these extended Michel parameters, η′′ = 0, ξ′ = ξ′′ = 1, and
α′/A = β′/A = 0.

The Michel parameters lay the phenomenological foundation for the inquiry of this the-
sis: How would heavy fields from beyond the SM affect them? Expressing the Michel
parameters in terms of SPVAT couplings as for ρ in Eq. 2.50 possesses inherent the-
oretical limitations. The SPVAT Lagrangian is constructed essentially as an ad hoc,
bottom-up classification of the Lorentz-invariant four-fermion interactions. It does not
systematically incorporate the underlying gauge structure of the SM, nor does it pro-
vide a framework for consistently evolving the couplings up to the high-energy matching
scale. In order to systematically probe for new physics within muon decay, a more mod-
ern theoretical architecture is required: Low-Energy Effective Field Theory (LEFT). We
will introduce it in the next chapter and spend the last section of this section with a
discussion of the experimental Michel parameter values.

2.7. Experimental Michel-parameter likelihood

The experimental Michel-parameter inputs are not treated as a set of independent one-
dimensional Gaussian measurements. Instead, we divide them into experimental likeli-
hood blocks:

Ofit =
(︁
ρ, δ, P πµ ξ

)︁⏞ ⏟⏟ ⏞
TWIST

⊕
(︁
η, η′′, α′/A, β′/A

)︁⏞ ⏟⏟ ⏞
Danneberg

⊕ ξ′⏞⏟⏟⏞
Burkard

⊕ ξ′′⏞⏟⏟⏞
Prieels

. (2.64)

The different experimental blocks are assumed to be mutually independent, whereas the
correlations within each block are retained.
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TWIST block For the TWIST measurement, we use the following native parameter
basis [32, 14]:

Oexp
TWIST =

⎛⎝ ρ
δ
P πµ ξ

⎞⎠
exp

=

⎛⎝0.74977
0.75049
1.00084

⎞⎠ (2.65)

with uncertainties

ρ = 0.74977± 0.00012stat ± 0.00023syst (2.66)
δ = 0.75049± 0.00021stat ± 0.00027syst (2.67)

P πµ ξ = 1.00084± 0.00029stat
+0.00165
−0.00063syst (2.68)

The reported correlation matrix, in the ordering
(︁
ρ, δ, P πµ ξ

)︁
, is

RTWIST =

⎛⎝ 1 0.19 0.21
0.19 1 −0.72
0.21 −0.72 1

⎞⎠ (2.69)

In a symmetrized Gaussian approximation, the covariance matrix is constructed as:

VTWIST =DTWISTRTWISTDTWIST (2.70)

where

DTWIST = diag
(︂√︁

(0.00012)2 + (0.00023)2,
√︁
(0.00021)2 + (0.00027)2, σPπ

µ ξ

)︂
. (2.71)

For a symmetric treatment of the uncertainty on P πµ ξ, we symmetrize in quadrature:

σPπ
µ ξ ≃

√︄
(0.00029)2 +

(︃
0.00165 + 0.00063

2

)︃2

(2.72)

Danneberg block For the transverse-polarization measurement, we use the following
general four-parameter fit [17]:

Oexp
D =

⎛⎜⎜⎝
η
η′′

α′/A
β′/A

⎞⎟⎟⎠
exp

=

⎛⎜⎜⎝
0.071
0.105
−0.0034
−0.0005

⎞⎟⎟⎠ (2.73)

After combining statistical and systematic uncertainties in quadrature, the standard-
deviation matrix is:

DD = diag (0.03734, 0.05235, 0.02186, 0.00800) (2.74)
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The corresponding correlation matrix, in the ordering (η, η′′, α′/A, β′/A), is:

RD =

⎛⎜⎜⎝
1 0.946 0 0

0.946 1 0 0
0 0 1 −0.893
0 0 −0.893 1

⎞⎟⎟⎠ (2.75)

The covariance matrix is therefore:

VD =DDRDDD (2.76)

Or numerically:

VD ≃

⎛⎜⎜⎝
1.394× 10−3 1.849× 10−3 0 0
1.849× 10−3 2.741× 10−3 0 0

0 0 4.779× 10−4 −1.562× 10−4

0 0 −1.562× 10−4 6.400× 10−5

⎞⎟⎟⎠ (2.77)

Consequently, η and η′′ must not be treated as statistically independent and neither α′/A
and β′/A – indeed both pairs are separately strongly correlated.

Single-observable blocks The remaining polarization observables are included as inde-
pendent one-dimensional blocks [15, 50]:

ξ′ = 0.998± 0.045, (2.78)
ξ′′ = 0.981± 0.045stat ± 0.003syst ≃ 0.981± 0.0451 (2.79)

No covariance between these measurements and the TWIST or Danneberg datasets is
available.

Combined likelihood The total experimental covariance is approximated by:

Vexp ≃ VTWIST ⊕ VD ⊕ σ2ξ′ ⊕ σ2ξ′′ (2.80)

For a vector of LEFT Wilson coefficients L, the corresponding contribution to the like-
lihood is:

χ2
Michel(L) =

∑︂
b

[︂
Oth
b (L)−Oexp

b

]︂T
V −1
b

[︂
Oth
b (L)−Oexp

b

]︂
b ∈

{︁
TWIST,D, ξ′, ξ′′

}︁
(2.81)

The quantities involving P πµ are measured as polarization products. Setting P πµ = 1
is therefore an additional phenomenological assumption rather than part of the exper-
imental measurement. Furthermore, the Michel shape and polarization parameters do
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Observable Experimental value SM value Source

ρ 0.74977± 0.00026 3/4 TWIST [32]
δ 0.75049± 0.00034 3/4 TWIST [32]
P πµ ξ 1.00084+0.00168

−0.00069 1 TWIST [14]
η 0.071± 0.0373 0 Danneberg et al. [17]
η′′ 0.105± 0.0523 0 Danneberg et al. [17]
α′/A −0.0034± 0.0219 0 Danneberg et al. [17]
β′/A −0.0005± 0.0080 0 Danneberg et al. [17]
ξ′ 0.998± 0.045 1 Burkard et al. [15]
ξ′′ 0.981± 0.0451 1 Prieels et al. [50]

Table 2.1.: Experiment-level Michel-parameter inputs entering the likelihood. Statisti-
cal and systematic uncertainties are combined in quadrature, except that the
asymmetric uncertainty on P πµ ξ is retained. These values should be distin-
guished from the PDG averages quoted elsewhere in the text.

not constrain the overall normalization of the muon-decay amplitude. If normalization-
changing LEFT coefficients are included, the muon lifetime or an equivalent normaliza-
tion constraint must also be used. The full set of experimental-level Michel parameters
entering the likelihood is given in Tab. 2.1.
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3. Low Energy Effective Field Theory
(LEFT)

The LEFT is constructed by integrating out all heavy degrees of freedom at the elec-
troweak scale (the W , Z and Higgs boson as well as the top quark) while strictly preserv-
ing the unbroken low-energy gauge symmetry of the Standard Model, SU(3)C ×U(1)em.
This provides several critical advantages over the historical SPVAT approach:

• A complete, process-independent operator basis: The SPVAT formalism
parametrizes the most general local, derivative-free four-fermion interactions rele-
vant to muon decay. LEFT instead classifies all independent interactions among
the light fields through a chosen mass dimension, with their flavor structure and
baryon- and lepton-number properties made explicit.

• Systematic power counting and truncation: LEFT organizes the interactions
according to their canonical mass dimension and thus according to inverse pow-
ers of the heavy scales. This provides a controlled prescription for retaining all
independent operators through a given order and neglecting higher-dimensional
contributions consistently.

• Matching and renormalization-group (RG) evolution: The LEFT Wilson
coefficients form a renormalized operator basis with known QED and QCD anoma-
lous dimensions. They can therefore be evolved between the muon and electroweak
scales while accounting for operator mixing, and can subsequently be matched onto
SMEFT coefficients.

At the energy scale of muon decay, determined by the muon mass mµ ≈ 106 MeV, the
heavy fields of the SM are not dynamical degrees of freedom – the W±, Z and H boson as
well as the t quark all have masses clustered around the electroweak scale v ≈ 246 GeV,
three orders of magnitude above the muon mass. For energies well below this scale, an
effective theory can be derived by integrating out the heavy fields and adding higher-
dimensional effective operators built from the remaining field content.

23



3.1. The LEFT basis

LEFT symmetries Since the particles responsible for electroweak symmetry breaking
are integrated out, only the unbroken gauge symmetry remains:

SU(3)C × U(1)em (3.1)

This is conceptually different from the broken phase of the SM: While left-handed
fermions only exist as doublets in the SM, regardless of the energy scale, the LEFT
treats left-handed neutrinos and left-handed charged leptons as completely independent,
unrelated fields. As a consequence, left- and right-handed particles can mix more freely
in the LEFT and new mathematical structures like scalar and tensor interactions arise.

LEFT particle content As degrees of freedom remain the massless bosons and all
fermions except the top quark.

• Gauge bosons Photon γ and gluons g

• Charged fermions Charged leptons e, µ, τ and the five lightest quarks u, d, c, s, b.
Since the SU(2)L group is missing, left- and right-handed charged fermions have the
same gauge charges and as they are moreover coupled together in the Lagrangian
by explicit mass terms after symmetry breaking they are written as single Dirac
spinors, e.g. e = eL + eR.

• Neutral fermions For the neutrinos, however, standard LEFT only contains left-
handed fields νe, νµ, ντ .

LEFT Lagrangian The renormalizable parts of QCD and QED plus an infinite tower
of higher-dimensional operators built from the light fields form the LEFT Lagrangian:

LLEFT = LQED+QCD +
∑︂
d≥5

∑︂
i

L
(d)
i O

(d)
i (3.2)

• O(d)
i are the local, gauge-invariant operators of mass dimension d

• L
(d)
i are the Wilson coefficients

The number of operators at each mass dimension is given in table 3.1 [34]. For muon
decay, the following operators are relevant:

Dimension-five dipole operators:

OeA = ēL,pσ
µνeR,rFµν (3.3)

OνA = (νTL,pCσ
µννR,r)Fµν (3.4)
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d quantum numbers ng = 1 ng = 3

3 (∆L = 2) + h.c. 2 12
5 ∆L = ∆B = 0 10 70
5 (∆L = 2) + h.c. 0 6
6 ∆B = ∆L = 0 80 3631
6 (∆L = 2) + h.c. 22 1200
6 (∆L = 4) + h.c. 0 12
6 (∆B = ∆L = 1) + h.c. 12 576
6 (∆B = −∆L = 1) + h.c. 4 456

Table 3.1.: Number of LEFT operators with dimension 3,5 and 6 (ng = generations)

Dimension-six operators:

OV,LLνe = (ν̄L,pγ
µνL,r)(ēL,sγµeL,t) (3.5)

OV,LRνe = (ν̄L,pγ
µνL,r)(ēR,sγµeR,t) (3.6)

OS,LLνe = (νTL,pCνL,r)(ēR,seL,t) (3.7)

OS,LRνe = (νTL,pCνL,r)(ēL,seR,t) (3.8)

OT,LLνe = (νTL,pCσ
µννL,r)(ēR,sσµνeL,t) (3.9)

C is charge conjugation matrix and p, r, s, t are flavor indices. For this work we will
only consider the dimension-six operators. We note that only OV,LLνe and OV,LRνe preserve
lepton number and thus correspond to SM-like neutrino output. In the following section,
we will perturb the SM Michel parameters with the LEFT operators from Eq. 3.5 to
Eq. 3.9.

3.2. Michel parameters in the LEFT

We will now present our calculations for the perturbation of the Michel parameters by
LEFT operators of dimension six. In Sec. 3.2.1 we only consider the SM-like neutrino
output νµ+ν̄e and in Sec. 3.2.2 we allow for all combinations of two outgoing neutrinos.

3.2.1. SM-like neutrino output

We begin by deriving the Michel parameters for µ− → e−ν̄eνµ, which corresponds to the
SM process. We follow the discussion from Sec. 2.6 and further elaborated in appendix A.
We consider strictly the SM-like process as a simple first look at our results.
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Starting with the contributions insensitive to the electron polarization we find:

G2
F

G2
F,SM

= 1− v2

2

[︂
LV,LLνe,2112 + LV,LLνe,1221

]︂
+
v4

4

[︂
LV,LLνe,2112L

V,LL
νe,1221 + LV,LRνe,2112L

V,LR
νe,1221

]︂
(3.10)

ρ =
3

4
(3.11)

η =
v2

4

[︂
LV,LRνe,2112 + LV,LRνe,1221

]︂
+
v4

8

[︂
LV,LLνe,2112L

V,LR
νe,1221 + LV,LLνe,1221L

V,LR
νe,2112

]︂
(3.12)

ξ = 1− v4

2
LV,LRνe,2112L

V,LR
νe,1221 (3.13)

δ =
3

4
(3.14)

Since the operators OV,LLνe and OV,LRνe are hermitian, their flavor structures 1221 and
2112 are equivalent and for their coefficients it holds that LV,LL/LRνe,2112

∗
= L

V,LL/LR
νe,1221 so we

can simplify the first order corrections for GF /GF,SM to the real part of one operator
coefficient.

In many analyses GF is viewed as an input parameter. However, we use the result of [28]
where the authors apply the {m̂W , m̂Z , α̂} input parameter scheme to conduct a theory
determination of GF :

GF,SM =
πα̂m̂2

Z√
2m̂2

W (m̂2
Z − m̂2

W )
(1 + δR) = 1.1658(10) · 10−5 (3.15)

For this they use the values δR = 0.03686(21), α̂ = 7.2973525693(11) · 10−3, mW =
80.369(13), and mZ = 91.1880(20) from [48]. Comparing this SM prediction with the
leading contribution in 3.10 and the experimental value in Eq. 2.41, we find

−0.004 ≤ v2Re
[︂
LV,LLνe,2112

]︂
≤ 0.002 (3.16)

By taking |L| ∼ 1/Λ2 (and assuming that |L| ≈ Re[L]) we obtain a 95% confidence level
bound on the scale of new physics:

Λ ≥ 21v ∼ 5.1 TeV (3.17)

If we allow for contributions that are quadratic in LV,LRνe,2112 and LV,LLνe,2112 we can define a
χ2 over GF , η and ξ. Assuming Pµ = 1, we find the following 95% confidence level region
for the two contributing Wilson coefficients:

−0.036 ≤ v2 LV,LRνe,2112 ≤ 0.064 , (3.18)

−0.0042 ≤ v2 LV,LLνe,2112 ≤ 0.0025 (3.19)
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Extending our analysis to include electron polarization dependence we find corrections
to the following additional Michel parameters:

η′′ =− v2

2
LV,LRνe,2112 −

v4

4
LV,LLνe,2113L

V,LR
νe,2113 = −η (3.20)

ξ′ = 1− v4

2
LV,LRνe,2112L

V,LR
νe,1221 = ξ (3.21)

β′

A
=− v2

4
Im[LV,LRνe,2112]−

v4

8
Im[(LV,LLνe,2112)

∗LV,LRνe,2112]

− v4

8
Im[(LV,LLνe,2112)L

V,LR
νe,2112] (3.22)

The parameters ξ′′ and α′/A remain unchanged – in the LEFT we will see they only
receive corrections from lepton number violating operators. As η′′ = −η and ξ′ = ξ and
these two additional parameters are more poorly measured than η and ξ, we neglect to
extend our fit to include them here. However, the leading interference for β′/A together
with the one for η allow for determining the real and imaginary component of LV,LRνe,2112:

η ≈ v2

2
Re[LV,LRνe,2112]

β′

A
≈ −v

2

4
Im[LV,LRνe,2112] (3.23)

This operator can be transformed to to a scalar operator by a Fierz transformation:

OV,LRνe,prst = (ν̄pγ
µPLνr)(ēsγµPRet)

= 2(ēRsνLr)(ν̄LpeRt)

by Fierz: (γµPL)ab(γµPR)cd = −2(PR)ad(PL)cb (3.24)

This resembles for prst = 2112 the Michel structure of gSRR in the notation by Fetscher,
Gerber & Johnson [23] and thus our determination in 3.23 reproduces the findings in [21]
where the authors state that at leading order (and for SM like neutrino output) only the
Michel parameters η and β′/A receive a correction stemming from the scalar interaction
term gSRR. Since LV,LRνe,2112 and gSRR produce the same operator structure we could in
principle also constrain LV,LRνe,2112 directly from the PDG results for the SPVAT matrix
elements [48]:

v2LV,LRνe,2112 ≃ |g
S
RR| < 0.035 (3.25)

We will however use the Michel parameters of Tab. 2.1. Before we analyze the evolution
of the constraints up to the EW scale we discuss the case of full neutrino output.
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3.2.2. Full four-fermion results

Starting by neglecting measurements sensitive to electron spin, we find for GF :

G2
F /G

2
F,SM = 1− v2

2

[︂
LV,LLνe,2112 + LV,LLνe,1221

]︂
+
v4

4

3∑︂
a,b=1

[︂
LV,LLνe,ab12L

V,LL
νe,ba21 + LV,LRνe,ab12L

V,LR
νe,ba21

]︂

+
v4

16

∑︂
a<b

[︂
|LS,LLνe,ab12 + LS,LLνe,ba12|

2 + |LS,LRνe,ab12 + LS,LRνe,ba12|
2 + (12→ 21)

]︂

+ 2× v4

16

3∑︂
a=1

[︂
|LS,LLνe,aa12|

2 + |LS,LRνe,aa12|
2 + (12→ 21)

]︂
+ 3v4

∑︂
a<b

[︂
|LT,LLνe,ab12 − L

T,LL
νe,ba12|

2 + (12→ 21)
]︂

(3.26)

Here we have used “(12 → 21)” to mean swapping only the last two flavor indices from
“12” to “21.” For sums with a < b it is understood b is summed from 1 to 3. The factor
of two for like neutrinos arises from the counting factor (1/2) for identical final-state
particles and symmetrizing the amplitude giving |c+ c|2 to 4|c|2 for a = b. The factor of
3 for the tensor can be understood as coming from the six independent components of
σµν and the trace over Dirac matrices. The difference in sign structure between scalar
and tensor terms is simply due to the symmetry properties of the two operators under
interchange of the neutrino flavor indices.

For the other electron spin independent Michel parameters we find:

ρ =
3

4
− 3v4

64

∑︂
a<b

[︂
|LS,LLνe,ab12 + LS,LLνe,ba12|

2 + |LS,LRνe,ab12 + LS,LRνe,ba12|
2 + (12→ 21)

]︂

− 2× 3v4

64

3∑︂
a=1

[︂
|LS,LLνe,aa12|

2 + |LS,LRνe,aa12|
2 + (12→ 21)

]︂

+
3v4

4

∑︂
a<b

[︂
|LT,LLνe,ab12 − L

T,LL
νe,ba12|

2 + (12→ 21)
]︂

(3.27)
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η = 0 +
v2

4

[︂
LV,LRνe,2112 + LV,LRνe,1221

]︂
+
v4

8

[︂
LV,LLνe,1221L

V,LR
νe,2112 + LV,LLνe,2112L

V,LR
νe,1221

]︂
+
v4

8

[︂
LV,LLνe,2112L

V,LR
νe,2112 + LV,LLνe,1221L

V,LR
νe,1221

]︂
− v4

8

3∑︂
a,b=1

[︂
LV,LLνe,ba12L

V,LR
νe,ab12 + LV,LLνe,ab12L

V,LR
νe,ba21

]︂

+
v4

8

∑︂
a<b

Re
[︂
(LS,LLνe,ab12 + LS,LLνe,ba12)

∗(LS,LRνe,ab12 + LS,LRνe,ba12) + (12→ 21)
]︂

+
v4

4

3∑︂
a=1

Re
[︂
(LS,LLνe,aa12)

∗(LS,LRνe,aa12) + (12→ 21)
]︂

(3.28)

ξ = 1− v4

2

3∑︂
a,b=1

LV,LRνe,ab12L
V,LR
νe,ba21

+
v4

8

∑︂
a<b

[︂
|LS,LRνe,ab12 + LS,LRνe,ba21|

2 − 2|LS,LLνe,ab12 + LS,LLνe,ba12|
2
]︂

+
v4

8

∑︂
a<b

[︂
−2|LS,LRνe,ab21 + LS,LRνe,ba21|

2 + |LS,LLνe,ab21 + LS,LLνe,ba21|
2
]︂

+
v4

4

3∑︂
a=1

[︂
|LS,LLνe,aa21|

2 − 2|LS,LRνe,aa21|
2 − 2|LS,LLνe,aa12|

2 + |LS,LRνe,aa12|
2
]︂

+
v4

8

∑︂
a<b

[︂
32|LT,LLνe,ab12 − L

T,LL
νe,ba12|

2 − 80|LT,LLνe,ab21 − L
T,LL
νe,ba21|

2
]︂

(3.29)

δ =
3

4
+

9v4

64

∑︂
a<b

[︂
|LS,LLνe,ab12 + LS,LLνe,ba12|

2 − |LS,LRνe,ab12 + LS,LRνe,ba12|
2 − (12→ 21)

]︂

+
9v4

32

3∑︂
a=1

[︂
|LS,LLνe,aa12|

2 − |LS,LRνe,aa12|
2 − (12→ 21)

]︂

− 9v4

4

∑︂
a<b

[︂
|LT,LLνe,ab12 − L

T,LL
νe,ba12|

2 − (12→ 21)
]︂

(3.30)

The extra quadratic term in η that does not appear as part of a sum arises from the cross
term when expanding the ratio defining eta (see A.31). It originates from the product of
the linear term in the numerator ∼ LV,LRνe,2112 with the linear correction to 1/G2

F ∼ L
V,LL
νe,2112.
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This contribution only exists for the SM flavor assignment. Notice that for ξ there is a
difference between the “12” and “21” contributions. Exchanging these labels swaps the
chirality assigned to the electron and muon. The parameter ξ, which corresponds to the
anisotropic part of the rate, is sensitive to precisely this difference in chiral assignments.
For the same reason, δ also swaps signs under the flavor exchange (12→ 21).

Measurements sensitive to the electron’s polarization then access the additional Michel
parameters:

ξ′ = 1− v4

2

3∑︂
a,b=1

LV,LRνe,ab12L
V,LR
νe,ba21

− v4

8

∑︂
a<b

[︂
|LS,LLνe,ab12 + LS,LLνe,ba12|

2 + |LS,LRνe,ab21 + LS,LRνe,ba21|
2
]︂

− v4

4

3∑︂
a=1

[︂
|LS,LLνe,aa12|

2 + |LS,LRνe,aa21|
2
]︂
− 6v4

∑︂
a<b

|LT,LLνe,ab12 − L
T,LL
νe,ba12|

2 (3.31)

ξ′′ = 1 +
v4

8

∑︂
a<b

[︂
|LS,LLνe,ab12 + LS,LLνe,ba12|

2 + |LS,LRνe,ab12 + LS,LRνe,ba12|
2 + (12→ 21)

]︂

+
v4

4

3∑︂
a=1

[︂
|LS,LLνe,aa12|

2 + |LS,LRνe,aa12|
2 + (12→ 21)

]︂
− 10v4

∑︂
a<b

[︂
|LT,LLνe,ab12 − L

T,LL
νe,ba12|

2 + (12→ 21)
]︂

(3.32)

η′′ = 0− v2

4

[︂
LV,LRνe,2112 + LV,LRνe,1221

]︂
− v4

8
[LV,LLνe,1221L

V,LR
νe,2112 + LV,LLνe,2112L

V,LR
νe,1221]

− v4

8
[LV,LLνe,2112L

V,LR
νe,2112 + LV,LLνe,1221L

V,LR
νe,1221]

+
v4

8

3∑︂
a,b=1

[LV,LLνe,ba21L
V,LR
νe,ab12 + LV,LLνe,ab12L

V,LR
νe,ba21]

+
3v4

8

∑︂
a<b

Re
[︂
(LS,LLνe,ab12 + LS,LLνe,ba12)

∗(LS,LRνe,ab12 + LS,LRνe,ba12) + (12→ 21)
]︂

+
3v4

4

3∑︂
a=1

Re
[︂
(LS,LLνe,aa12)

∗LS,LRνe,aa12 + (12→ 21)
]︂

(3.33)
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α′

A
= 0− v4

8

∑︂
a<b

Im[(LS,LLνe,ab12 + LS,LLνe,ba12)
∗(LS,LRνe,ab12 + LS,LRνe,ba12) + (12→ 21)]

− v4

4

3∑︂
a=1

Im[(LS,LLνe,aa12)
∗LS,LRνe,aa12 + (12→ 21)] (3.34)

β′

A
= 0− v2

4
Im[LV,LRνe,2112]−

v4

8
Im[(LV,LLνe,2112)

∗LV,LRνe,2112]−
v4

8
Im[(LV,LLνe,2112)L

V,LR
νe,2112]

+
v4

8

3∑︂
a,b=1

Im[(LV,LLνe,ab12)
∗LV,LRνe,ab12] (3.35)

3.3. Constraints on the LEFT Wilson coefficients

Having expressed the Michel parameters as functions of the LEFT Wilson coefficients, we
can now invert the relation: given the experimental likelihood of Sec. 2.7 we constrain
the coefficients themselves. Throughout we work with the dimensionless combination
v2L

(6)
νe ∼ (v/Λ)2, so that a bound on v2L translates, for an order-one UV coupling, into

a lower bound on the new-physics scale via Λ ≳ v/
√︁
|v2L|. The results quoted here are

obtained at the scale of muon decay, µ ∼ mµ; their evolution to the electroweak scale is
the subject of the subsequent section.

Interference versus quadratic sensitivity The structure of the full four-fermion results
dictates two qualitatively different regimes. The lepton-number-conserving vector oper-
ators OV,LLνe and OV,LRνe with the Standard-Model flavour assignment (ab = 21, i.e. the
final state νµν̄e) interfere with the SM amplitude and therefore enter the observables
linearly, at order v2L. Every lepton-number-violating operator, as well as the vector
operators for any non-SM neutrino flavour, cannot interfere with the SM final state and
enters only quadratically, as |v2L|2. Since the neutrinos are not observed, the observables
depend only on incoherent sums over the neutrino flavours; a bound on an individual
flavour coefficient is therefore only meaningful under the assumption of single-operator
dominance, and within a given operator class the bound is largely independent of the
specific neutrino-flavour label.

The two regimes produce reach that differs by orders of magnitude. A linearly-sensitive
coefficient is bounded as |v2L| ≲ σexp, while a quadratic one only as |v2L| ≲ √σexp,
so that the mass reach scales as Λ ∝ σ

−1/4
exp rather than σ

−1/2
exp . This is the origin of

the multi-TeV bounds on the interfering coefficients and the O(1 TeV) bounds on the
lepton-number-violating ones.
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Coefficient 95% CL interval on v2L Λ [TeV] sensitivity

LV,LLνe,2112 (Re) [−0.0044, +0.0024] 3.7 linear (GF )
LV,LRνe,2112 (Re) [−0.021, +0.018] 1.7 linear (η, η′′)
LV,LRνe,2112 (Im) [−0.017, +0.023] 1.6 linear (β′/A)
LV,LLνe,3312 (Re) [−0.13, +0.13] 0.7 quadratic
LS,LLνe,1112 (Re) [+0.036, +0.069] 0.9 quadratic
LS,LRνe,1112 (Re) [−0.025, +0.025] 1.6 quadratic
LS,LRνe,1212 (Re) [−0.036, +0.036] 1.3 quadratic
LT,LLνe,1212 (Re) [−0.008, +0.008] 2.8 quadratic

Table 3.2.: Single-operator 95% CL bounds on selected dimensionless LEFT Wilson co-
efficients v2L(6)

νe at the muon scale, from the Michel-parameter likelihood of
Sec. 2.7. The implied scale assumes |L| ∼ 1/Λ2 with an order-one coupling.
Flavour indices follow the convention prst with p, r the neutrino and s, t the
charged-lepton generations.

Single-operator bounds Switching on one coefficient at a time and profiling the block-
covariance χ2 of Eq. (2.81) (supplemented by the muon-lifetime/GF normalization con-
straint, required once normalization-changing coefficients are included) yields the 95%
confidence-level bounds of Table 3.2. The coefficients listed are representatives spanning
the distinct operator classes: The lepton-number-conserving vectors in the SM flavour
slot, a vector in a non-SM flavour slot, and the scalar and tensor structures in both the
diagonal (a = b) and off-diagonal (a ̸= b) neutrino configurations.

The interfering coefficient LV,LLνe,2112 is the most tightly constrained and it reproduces the
Λ ≳ 5 TeV normalization bound; its imaginary vector partner LV,LRνe,2112 is bounded through
the transverse-polarization parameter β′/A, giving access to a CP-violating phase. The
tensor operator is comparatively well constrained even though it enters quadratically,
because it feeds the precisely-measured shape parameters ρ, δ and ξ with large numerical
coefficients.

It is worth noting that the scalar coefficient LS,LLνe,1112 has a 95% interval that excludes
zero. This is not evidence for new physics: A diagonal scalar lowers ρ and raises δ, and
the current central values sit slightly below and above their SM predictions respectively,
so the fit mildly prefers a non-zero value. With χ2

SM ≈ 21 for the ten observables – driven
largely by the internal tension of the TWIST block, where δ and P πµ ξ are both pulled
upward despite their −0.72 correlation – this preference reflects the present experimental
inputs rather than a significant signal.

Global fit and flat directions Relaxing single-operator dominance and profiling one
coefficient with the others floating weakens the bounds through cancellations: For in-
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stance the Λ ≳ 3.7 TeV bound on ReLV,LLνe,2112 degrades to ≳ 2.6 TeV once ReLV,LRνe,2112

is allowed to compensate. A singular-value decomposition of the (covariance-whitened)
observable response at the SM point shows that only the interfering combinations receive
linear sensitivity, while all lepton-number-violating directions are flat at linear order and
bounded purely quadratically. Consequently the Michel parameters alone constrain only
a limited number of coefficient combinations; the remaining directions require comple-
mentary observables. These findings are subject to the assumed validity of the effective
expansion, |v2L| ≲ 1: Some apparent flat directions in the global fit only open up for
coefficient values at which the EFT description has broken down.

3.4. RGEs of the LEFT

Before we can map the LEFT to the SMEFT we have to consider the RGEs for the LEFT
up to the EW scale to check whether heavy mixing with other operators occurs or the
Wilson coefficients dramatically change – we will see, however, that this is not the case.
From [33, p.29] we find for the anomalous dimensions of the LNC operators OV,LLνe and
OV,LRνe :

L̇V,LLνe
prst

=
4

3
e2qeδst

[︄
Ncqu

(︃
LV,LLνu
prww

+ LV,LRνu
prww

)︃
+Ncqd

(︄
LV,LLνd
prww

+ LV,LRνd
prww

)︄

+ qe

(︃
LV,LLνe
prww

+ LV,LRνe
prww

)︃]︄

+ 96e2q2eLνγwr
L∗
νγ
wp
δst (3.36)

L̇V,LRνe
prst

=
4

3
e2qeδst

[︄
Ncqd

(︄
LV,LLνd
prww

+ LV,LRνd
prww

)︄
+Ncqu

(︃
LV,LLνu
prww

+ LV,LRνu
prww

)︃

+ qe

(︃
LV,LLνe
prww

+ LV,LRνe
prww

)︃]︄

− 96e2q2eLνγwr
L∗
νγ
wp
δst (3.37)

Since st = 12 ↔ 21, the Kronecker delta δst in the closed fermions loop term and the
dipole operator term make the anomalous dimensions for the muon decay LNC operators
vanish:

L̇V,LLνe,ab12 = L̇V,LLνe,ab21 = 0 (3.38)

L̇V,LRνe,ab12 = L̇V,LRνe,ab21 = 0 (3.39)
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For the scalar and tensor LEFT operators, however, the anomalous dimensions do not
evaluate to zero:

L̇S,LLνe
prst

= −6e2q2eL
S,LL
νe
prst

(3.40)

L̇T,LLνe
prst

= 2e2q2eL
T,LL
νe
prst

(3.41)

L̇S,LRνe
prst

= −6e2q2eL
S,LR
νe
prst

(3.42)

Solving for the three operators yields:

LS,LLνe (v) = LS,LLνe (mµ)

(︃
v

mµ

)︃− 3α
2π

≈ 0.973 · LS,LLνe (mµ) (3.43)

LT,LLνe (v) = LT,LLνe (mµ)

(︃
v

mµ

)︃ α
2π

≈ 1.009 · LT,LLνe (mµ) (3.44)

LS,LRνe (v) = LS,LRνe (mµ)

(︃
v

mµ

)︃− 3α
2π

≈ 0.973 · LS,LRνe (mµ) (3.45)

So we see that running of the couplings from the energy scale of muon decay (≈ mµ) to the
EW scale (≈ v) only gives minor corrections – but for completeness we are including them
in our calculations. In the next chapter, we will see how the five LEFT operators under
consideration match onto the SMEFT and how the corresponding SMEFT coefficients
evolve under the RGEs.
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4. Standard Model Effective Field
Theory (SMEFT)

For the energy regime above the electroweak scale, the full Standard Model Effective
Field Theory (SMEFT) is the appropriate effective description. Since we are exploring
the imprints of heavy new physics on the phenomenology of muon decay we first have
to identify the set of relevant SMEFT operators – those operators which result in their
low-energy limit in the LEFT operators identified in the previous chapter. For this
purpose we are using the tree-level matching results of [34] and [44]. However, while the
matching is performed at the electroweak scale, the investigation of potential heavy new
fields possibly shielded by these effective operators naturally takes place at the energy
scale of new physics – roughly at the order of a fex TeV, as we know from Tab. 3.2. So
before we can “open up” the SMEFT operators we first have to run them up to that
energy scale. To accomplish this task we are using the python packages wilson [1] and
the D7RGESolver [45]. This will allow us to present the full set of SMEFT operators at
the new physics scale which in their low-energy limit affect muon decay.

The content of this chapter is ordered in the following way: First, we briefly summarize
the structure of SMEFT and its operators at dimensions five, six and seven. Subsequently,
we cite the tree-level matching conditions for the relevant SMEFT operators at dimension
six and seven to the LEFT operators which perturb muon decay. Finally, the identified
SMEFT operators are run up to the energy scale of new physics where, in the next
chapter, we can open them up to explore the various heavy new fields possibly veiled by
them.

4.1. The SMEFT Lagrangian

The SMEFT extends the SM Lagrangian by embedding it as the leading term of an
expansion in terms of powers of a heavy scale Λ: At each canonical mass dimension D
(in our convention the Λs are absorbed by the Wilson coefficients, following [36]) we add
all local Lorentz invariant operators built out of the SM field content:

L = LSM +
∑︂
D≥5

LD (4.1)

Unlike the HEFT, the SMEFT assumes that electroweak symmetry is linearly realized
and that the physical Higgs belongs to the SU(2)L doublet H. The higher dimensional
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D (∆B,∆L) ng = 1 ng = 3

5 (0,+2) + h.c. 1 + 1 6 + 6
6 (0, 0) 76 2499
6 (1, 1) + h.c. 4 + 4 273 + 273
7 (0,+2) + h.c. 12 + 12 474 + 474
7 (+1,−1) + h.c. 6 + 6 297 + 297

Table 4.1.: Number of SMEFT operators at dimensions five, six and seven from [34] and
[44] (ng = number of generations)

interactions are therefore constructed from complete SM muliplets and respect the full
SM gauge group SU(3)C × SU(2)L × U(1)Y .

At dimension five, there is only one operator (class) we can add – the Weinberg neutrino
mass operator [55], which combines two Higgs doublets with two lepton doublets:

L5 = Crs5 ϵ
ijϵkl(lTirClks)HjHl + h.c. (4.2)

Here, r, s are flavor indices, i, j, k, l weak-eigenstate indices. For three generations, C5

has 6 complex entries. After spontaneous symmetry breaking, this operator produces a
Majorana mass term for the neutrino: Mν = −v2C5.

For dimension six, Buchmüller and Wyler counted 80 operators in 1986 [13]. However,
many of these operators turn out to be actually equivalent and refer to the same operator
structure because they can be transformed into each other. Fierz transformations, for
example – one of which we used in Eq. 3.24 to “fierz” LV,LRνe into gSRR – account for
many subtle equivalences of scalar, vector and tensor-like structures. Moreover, the
SM equations of motion and field redefinitions also allow for transforming many operator
structure into each other. An updated classification was therefore published in 2010 which
is now mostly referred to as the Warsaw basis [29] and which counts 63 independent
operators, 59 of which conserve baryon number. Of those 59 operators, 42 are self-
hermitian and 17 not – which is why Jenkins, Manohar & Stoffer count 42 + 2(17) = 76
baryon-number conserving operators in [34] and 4 + 4 = 8 baryon-number violating
operators. At dimension seven, there are 18 independent operators [44] – originally
Lehman [40] presented 20 operators, but 2 pairs of ψ4D operators were shown to refer to
the same structure. In Tab. 4.1 we collect the number of operators at dimension five, six
and seven, following the counting in [34] and [44]. We cite the full bases for dimensions
six and seven in the appendix in Ch. B.
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4.2. SMEFT in the broken phase

In the spontaneously broken SMEFT effective Higgs operators alter the VEV, the cou-
plings and the weak mixing angle – for this discussion we are following the section of
the same title in [34]. Essential for muon decay, the gauge currents themselves receive
operator-dependent corrections. For example W+

µ couples to (ν̄Lpγ
µeLr) via a modified

coupling [Wl]pr:

∆LWlν = − ḡ2√
2
W+
µ ν̄Lpγ

µ[Wl]preLr + h.c. (4.3)

The modified coupling [Wl]pr as well as [Zψ]pr which couples Zµ to (ψ̄pγ
µψr) whereby

ψ = νL, eL, eR in the spontaneously broken SMEFT receive corrections from O(3)
Hl as well

as from the modified VEV:

[Wl]pr =
[︂
δpr + v2TC

(3),pr
Hl

]︂
(4.4)

[ZνL ]pr =

[︃
δpr

(︃
1

2

)︃
− 1

2
v2TC

(1),pr
Hl +

1

2
v2TC

(3),pr
Hl

]︃
(4.5)

[ZeL ]pr =

[︃
δpr

(︃
−1

2
+ s̄2

)︃
− 1

2
v2TC

(1),pr
Hl − 1

2
v2TC

(3),pr
Hl

]︃
(4.6)

[ZeR ]pr =

[︃
δprs̄

2 − 1

2
v2TC

pr
He

]︃
(4.7)

The VEV and the gauge coupling change in the following way, which also affects the
weak mixing angle:

vT =

(︃
1 +

3LHv
2

8λ

)︃
v ḡ1 = g1

(︁
1 + LHB v

2
T

)︁
ḡ2 = g2

(︁
1 + LHW v2T

)︁
(4.8)

s̄ = sin θ =
ḡ1√︁
ḡ21 + ḡ22

[︃
1 +

ϵ

2

ḡ2
ḡ1

(︃
ḡ22 − ḡ21
ḡ21 + ḡ22

)︃]︃
(4.9)

And the effective couplings ē and ḡZ as well:

ē = ḡ2 sin θ̄ − 1

2
cos θ̄ ḡ2 v

2
T CHWB,

ḡZ =
ē

sin θ̄ cos θ̄

[︃
1 +

ḡ21 + ḡ22
2ḡ1ḡ2

v2TCHWB

]︃
(4.10)

Equipped with these corrections we can now take a look on the matching conditions of
the SMEFT onto the LEFT.

37



4.3. Matching conditions

From the LEFT paper by Jenkins, Manohar and Stoffer [34] on operators and matching
at dimension six we collect the following matching conditions for the LNC operators
OV,LLνe and OV,LRνe :

LV,LLνe,prst = Cprstll + Cstprll − ḡ22
2M2

W
[Wl]pt[Wl]

∗
rs −

ḡ2Z
M2

Z
[ZνL ]pr[ZeL ]

∗
st (4.11)

LV,LRνe,prst = Cprstle − ḡ2Z
M2

Z
[ZνL ]pr[ZeR ]

∗
st (4.12)

For the prst = ab12 flavor combination under consideration we are therefore obtaining,
while neglecting all terms quadratic in couplings, the following matching conditions:

LV,LLνe,ab12 = Cab12ll + C12ab
ll − ḡ22

2M2
W

(︂
δa2δb1 + δa2v

2
TC

(3),b1
Hl + δb1v

2
TC

(3),a2
Hl

)︂
(4.13)

+
ḡ2Z
M2

Z

(︃
1

4
δabv

2
T

[︂
C

(1),12∗
Hl + C

(3),12∗
Hl

]︂)︃
LV,LRνe,ab12 = Cab12le +

ḡ2Z
M2

Z

(︃
1

4
δabv

2
TC

12∗
He

)︃
(4.14)

We have therefore 5 SMEFT Operators at dimension six which the LEFT matches onto
(full basis in B.3):

Oprstll = (l̄pγ
µlr)(l̄sγµlt) (4.15)

Oprstle = (l̄pγ
µlr)(ēsγµet) (4.16)

O(1),pr
Hl = (H†i

←→
D µH)(l̄pγ

µlr) (4.17)

O(3),pr
Hl = (H†i

←→
D I

µH)(l̄pτ
Iγµlr) (4.18)

OprHe = (H†i
←→
D µH)(ēpγ

µer) (4.19)

We see from the last term of Eq. 4.13 that the SMEFT operatorQ(1)
Hl only produces LEFT

operators with two identical neutrino generations (due to the δab) – this is because the
operator stems from a lepton number changing neutral current mediated by the Z boson
which couples the muon directly to the electron and decays itself into two neutrinos of
the same generation.

For the scalar and tensor operators, since they violate lepton number, the matching at
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dimension six is zero but at dimension seven we obtain from [44]:

LS,LLνe,prst = −
√
2v

8

(︂
2CstprēlllH + CsptrēlllH + p↔ r

)︂
(4.20)

LS,LRνe,prst = −
√
2v

2

(︂
CptleHDδ

rs + CrtleHDδ
ps
)︂

(4.21)

LT,LLνe,prst = +

√
2v

32

(︂
CsptrēlllH − C

srtp
ēlllH

)︂
(4.22)

Notice that in this case the v is the bare SM VEV – corrections in terms of vT would
start at order 1/Λ5 and are therefore neglected in this tree-level result. As we see in
Eq. 4.20 to Eq. 4.22 there are two relevant operators at dimension 7 (full basis in B.4
and B.5):

OprleHD = ϵijϵmn(liCp γµer)H
jHmiDµHn (4.23)

OprstēlllH = ϵijϵmn(epl
i
r)(l

jC
s lmt )Hn (4.24)

The specific matching for the seven operators that we derived 95% CL intervals for
(Tab. 3.2) is:

LV,LLνe,2112 = −
2

v2T
+ C2112

ll + C1221
ll − 2C

(3),22
Hl − 2C

(3),11
Hl (4.25)

LV,LRνe,2112 = C2112
le (4.26)

LV,LLνe,3312 = C3312
ll + C1233

ll +
1

4
v2T

ḡ2Z
M2

Z

(︂
C

(1),12∗
Hl + C

(3),12∗
Hl

)︂
(4.27)

LS,LLνe,1112 = −
√
2v

4

(︁
2C1211

ēlllH + C1121
ēlllH

)︁
(4.28)

LS,LRνe,1112 = −
√
2vC12

leDH (4.29)

LS,LRνe,1212 = −
√
2v

2
C22
leDH (4.30)

LT,LLνe,1212 =

√
2v

32

(︁
C1122
ēlllH − C1221

ēlllH

)︁
(4.31)

Let us analyze the very first matching conditions in Eq. 4.25 for LV,LLνe,2112: The first
term − 2

v2T
amounts to the pure SM W -boson exchange – however, in the spontaneously

broken SMEFT the Higgs potential is modified by the operator OH = (H†H)3, see Eq.
4.8. Since we are working in the {m̂W , m̂Z , α̂} input scheme, vT is not determined by
the Higgs potential but by the physical mass of the W boson:

m2
W =

1

4
ḡ22v

2
T (4.32)

We can not really distinguish whether our LEFT deviation is due to an SM gauge shift, a
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vertex correction or the four-fermion operator. We neglect the corrections to ḡ that stem
from the SMEFT in the broken phase and refer to the technical report of the LHC EFT
working group in [11]: Generally products of two dimension-six coefficients, including
electroweak input-parameter shifts multiplying an already dimension-six contribution,
are consequently of O(Λ−4) and can be neglected. For operators that do not inter-
fere with the Standard-Model amplitude, the squared EFT amplitude is retained as the
leading non-vanishing contribution. Such squared terms are separately gauge invariant
and basis independent, but constitute only a partial contribution at the corresponding
higher order in the EFT expansion. Moreover, SM gauge shifts and vertex corrections
are heavily restricted by Electroweak Precision Observables (EWPO) and LEP data –
we must unfortunately refrain from a detailed discussion at this point and only note that
exclusively constraining the four-fermion operator is legitimate.

Since furthermore C2112
ll = C1221∗

ll we can simplify the matching to:

Re[LV,LLνe,2112] ≈ 2Re[C2112
ll ] (4.33)

The matching for LV,LRνe,2112 = C2112
le 4.26 is much cleaner – and moreover we have con-

straints for both its real and imaginary part.

The matching of LS,LLνe,1112 requires some care. Here, the single-coefficient assumption at
the LEFT level means that only LS,LLνe,1112 is varied – it does not imply that the matching
selects a single independent SMEFT flavour coefficient. The first index of OprstēlllH labels
the charged-lepton singlet, whereas its last three indices label the three lepton doublets
and obey non-trivial permutation relations. We therefore rewrite the raw flavour compo-
nents in the irreducible flavour basis used by D7RGESolver [45]. For the flavour multiset
(r, s, t) = (1, 1, 2), the totally antisymmetric component vanishes, leaving one symmetric
and one mixed-symmetry coefficient. We define:

CS ≡ C(S),1112
ēlllH CM ≡ C(M),1112

ēlllH (4.34)

The projector relations then imply:

C1211
ēlllH = CS − CM C1121

ēlllH = CS C1112
ēlllH = CS + CM (4.35)

It follows that:

LS,LLνe,1112 = −
√
2v

4

(︁
2C1211

ēlllH + C1121
ēlllH

)︁
= −
√
2v

4
(3CS − 2CM ) . (4.36)

The weak-isospin contractions by the Levi-Civita tensors should not be confused with this
flavour decomposition: The latter follows from permutations of the three lepton-doublet
flavour indices.
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4.4. RGEs for the SMEFT

In order to consistently constraint UV fields we have to bridge the energy scale upwards
to them. From the electroweak scale at about 246 GeV to a few TeV, as estimated in
Tab. 3.2, it is only about one order of magnitude, so we don’t expect large corrections
– but on a conceptual level the running and mixing of operators is a key element of
exploring energy scales and translating between them: UV fields might produce effective
operators that look quite different at a low-energy process like muon decay.

For the dimension-six operators, we are using the wilson 2.5.2 package [1] and a contin-
uously fixed Warsaw weak basis, for the dim-7 operators the D7RGESolver from [45] in
the down basis. The full RGEs are given in section B.3 in the appendix. In Tab. 4.2 we
give the complete complete one-coefficient translation of the muon decay LEFT bounds
into SMEFT bounds and subsequently into UV bounds together with the total relative
change of the components between µEW and Λest. In Tab. 4.3 we collect the mixing of
the of the dimension-seven coefficient into the strongest generated coefficient and the
Weinberg operator in order to check whether those values are consistent with current
neutrino mass bounds. In Tab. 4.5 we collect the mixing of the dimension-six coefficients
into several of the coefficients they produce.

Equation 4.36 shows that the LEFT measurement constrains one linear combination of
two independent SMEFT flavour coefficients:

v2LS,LLνe,1112 = −
√
2

4
(3zS,1112 − 2zM,1112) zS,M = v3CS,M (4.37)

If both coefficients are allowed simultaneously, only this combination is bounded. The
two rows in Tab. 4.2 instead represent the mutually exclusive one-coefficient hypotheses
zM = 0 and zS = 0 – they must not be interpreted as a simultaneous fit.

The naive contributions in Tab. 4.4 range from O(102 eV) to O(104 eV) and are conse-
quently many orders of magnitude above the sub-eV neutrino-mass scale indicated by
oscillation data and constrained by direct and cosmological measurements [48]. The
strongest direct measurement comes from the KATRIN experiment from the kinematics
of tritium β-decay. From the combined analysis of its first five measurement campaigns,
KATRIN obtains [2]:

m2
β ≡

3∑︂
i=1

|Uei|2m2
i = −0.14+0.13

−0.15 eV
2 =⇒ mβ < 0.45 eV (90% CL) (4.38)

If one imposed the genuinely single-operator boundary condition C5(Λ) = 0 at the
UV scale, the downward RGE evolution would therefore generate neutrino masses that
are incompatible with observation when the dimension-seven coefficients saturate their
muon-decay bounds. In such a scenario, neutrino-mass constraints would be considerably
stronger than those obtained from the Michel parameters, unless the mixing is suppressed
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by a symmetry or cancelled by an independent contribution to the Weinberg operator.
The values in the table should nevertheless not be interpreted as direct low-energy pre-
dictions of the present calculation: The RGE evolution was performed upwards with
C5(µEW) = 0, so that the generated C5(Λ) instead quantifies the UV coefficient required
to compensate the mixing and recover the chosen electroweak boundary condition [45].

LEFT SMEFT Matching xLEFT(mµ) xLEFT(µEW) zd(µEW) Λest [TeV] zd(Λest) ∆RGE

dimension-six SMEFT coefficients

ReLV,llνe,2112 ReC2112
ll xLEFT = 2z6 [−0.0044,+0.0024] [−0.0044,+0.0024] [−0.0022,+0.0012] 5.277 [−0.0022,+0.0012] −0.41%

ReLV,llνe,2112 ReC
(3),11
Hl xLEFT = −2z6 [−0.0044,+0.0024] [−0.0044,+0.0024] [−0.0012,+0.0022] 5.277 [−0.0012,+0.0023] +4.84%

ReLV,llνe,2112 ReC
(3),22
Hl xLEFT = −2z6 [−0.0044,+0.0024] [−0.0044,+0.0024] [−0.0012,+0.0022] 5.277 [−0.0012,+0.0023] +4.84%

ReLV,LRνe,2112 ReC2112
le xLEFT = z6 [−0.0213,+0.0177] [−0.0213,+0.0177] [−0.0213,+0.0177] 1.687 [−0.0211,+0.0176] −0.95%

ImLV,LRνe,2112 ImC2112
le xLEFT = z6 [−0.0165,+0.0226] [−0.0165,+0.0226] [−0.0165,+0.0226] 1.638 [−0.0164,+0.0224] −0.94%

ReLV,llνe,3312 ReC3312
ll xLEFT = 2z6 [−0.1320,+0.1320] [−0.1320,+0.1320] [−0.0660,+0.0660] 0.958 [−0.0656,+0.0656] −0.63%

ReLV,llνe,3312 ReC
(1),12
Hl xLEFT = Re z∗6 [−0.1320,+0.1320] [−0.1320,+0.1320] [−0.1320,+0.1320] 0.678 [−0.1363,+0.1363] +3.21%

ReLV,llνe,3312 ReC
(3),12
Hl xLEFT = Re z∗6 [−0.1320,+0.1320] [−0.1320,+0.1320] [−0.1320,+0.1320] 0.678 [−0.1342,+0.1342] +1.63%

dimension-seven SMEFT coefficients

ReLS,llνe,1112 ReC
(S),1112
ēlllH xLEFT = −3

√
2

4 z7 [+0.0364,+0.0689] [+0.0355,+0.0671] [−0.0633,−0.0334] 0.618 [−0.0644,−0.0340] +1.81%

ReLS,llνe,1112 ReC
(M),1112
ēlllH xLEFT =

√
2
2 z7 [+0.0364,+0.0689] [+0.0355,+0.0671] [+0.0501,+0.0949] 0.540 [+0.0503,+0.0952] +0.30%

ReLS,LRνe,1112 ReC12
leHD xLEFT = −

√
2 z7 [−0.0251,+0.0251] [−0.0244,+0.0244] [−0.0173,+0.0173] 0.953 [−0.0184,+0.0184] +6.40%

ReLS,LRνe,1212 ReC22
leHD xLEFT =

√
2
2 z7 [−0.0355,+0.0355] [−0.0345,+0.0345] [−0.0488,+0.0488] 0.674 [−0.0511,+0.0511] +4.81%

ReLT,llνe,1212 ReC
(M),1122
ēlllH xLEFT =

√
2

16 z7 [−0.0076,+0.0076] [−0.0077,+0.0077] [−0.0872,+0.0872] 0.555 [−0.0874,+0.0874] +0.31%

Table 4.2.: Complete one-coefficient translation of the muon decay LEFT bounds into
SMEFT constraints and their subsequent evolution to the estimated UV scale.
We define xLEFT = v2L and zd = vd−4Cd, with v = µEW = 246.22GeV. The
scale estimate assumes |Cd| = Λ4−d, so that Λest = v/max|zd|1/(d−4). The
column ∆RGE gives the relative change of the indicated real or imaginary
component between µEW and Λest. For LS,llνe,1112, the displayed positive interval
is one branch of the sign-degenerate constraint on its magnitude.
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EW-scale seed Λest Change D7 Cf. Induced Weinberg Cf.

ReC
(S),1112
ēlllH 0.618TeV +1.81% C3321

Q̄ullH
(4.73× 10−6%) C12

5 (1.585× 10−8)

ReC
(M),1112
ēlllH 0.540TeV +0.30% C3312

Q̄ullH
(5.30× 10−6%) C12

5 (4.446× 10−9)

ReC12
leHD 0.953TeV +6.40% C3132

d̄lueH
(0.0703%) C12

5 (1.610× 10−6)

ReC22
leHD 0.674TeV +4.81% C3232

d̄lueH
(0.0527%) C22

5 (2.363× 10−6)

ReC
(M),1122
ēlllH 0.555TeV +0.31% C3322

Q̄ullH
(2.77× 10−6%) C22

5 (9.225× 10−9)

Table 4.3.: Complete dimension-seven mixing generated by D7RGESolver using integrated
one-loop running in the down basis. The fourth column displays the strongest
induced dimension-seven operator and the percentage refers to the EWSB-
normalized induced-to-input ratios. The final column separately displays the
largest generated Weinberg coefficient as v|C5|/(v3|C7,input|); it is a dimen-
sionless ratio rather than a percentage.

D7 Cf. Weinberg Neutrino mass-matrix entry Naïve induced mass scale

C
(S),1112
ēlllH C12

5 |(Mν)eµ| 130–247 eV
C

(M),1112
ēlllH C12

5 |(Mν)eµ| 54.9–104 eV
C12
leHD C12

5 |(Mν)eµ| ≲ 6.84 keV

C22
leHD C22

5 |(Mν)µµ| ≲ 28.4 keV

C
(M),1122
ēlllH C22

5 |(Mν)µµ| ≲ 198 eV

Table 4.4.: Naïve Majorana-neutrino mass scales associated with the Weinberg coeffi-
cients induced by the dimension-seven SMEFT operators. The values are
obtained from |(Mν)pr| = v2|Cpr5 | using the endpoints of the corresponding
95% confidence intervals from muon decay. The first two rows are ranges
because the corresponding Michel-parameter intervals do not contain zero.
For the remaining rows, whose intervals do contain zero, only the maximal
mass scale at the endpoint of the interval is quoted. The coefficients C12

5 and
C22
5 describe entries of the Majorana mass matrix in the charged-lepton flavor

basis and should not be identified with individual mass eigenvalues m1, m2,
or m3.
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EW seed Λest Notable? Induced Ci(Λest)
Cinput(µEW) Induced Ci(Λest)

Cinput(µEW)

ReC2112
ll 5.277TeV yes C1122

ll 4.33% C2332
ll 0.536%

C1331
ll 0.536% C2222

ll 0.368%

C1111
ll 0.368% C

(3),22
Hl 0.266%

C
(3),11
Hl 0.266% C

(3),2211
lq 0.266%

ReC
(3),11
Hl 5.277TeV yes CH□ 1.75% C

(3),1133
lq 1.18%

C33
uH 0.953% C

(3),22
Hl 0.569%

C
(3),33
Hl 0.569% C

(3),11
Hq 0.569%

C
(3),22
Hq 0.569% C

(3),33
Hq 0.567%

ReC
(3),22
Hl 5.277TeV yes CH□ 1.75% C

(3),2233
lq 1.18%

C33
uH 0.953% C

(3),11
Hl 0.569%

C
(3),33
Hl 0.569% C

(3),11
Hq 0.569%

C
(3),22
Hq 0.569% C

(3),33
Hq 0.567%

ReC2112
le 1.687TeV no C

(1),1133
lequ 0.00257%

ImC2112
le 1.638TeV no C

(1),1133
lequ 0.00253%

ReC3312
ll 0.958TeV yes C1332

ll 2.12% C1222
le 0.150%

C1211
le 0.150% C1233

le 0.150%

C1211
lu 0.101% C1222

lu 0.101%

C1233
lu 0.101% C1222

ll 0.0774%

ReC
(1),12
Hl 0.678TeV yes C1233

lu 1.03% C
(1),1233
lq 0.539%

C1211
le 0.0558% C1222

le 0.0558%

C1233
le 0.0556% C1211

lu 0.0373%

C1222
lu 0.0373% C1222

ll 0.0281%

ReC
(3),12
Hl 0.678TeV no C

(3),1233
lq 0.431% C1332

ll 0.176%

C1112
ll 0.0892% C1222

ll 0.0892%

C
(3),1211
lq 0.0878% C

(3),1222
lq 0.0870%

C1233
ll 0.0868% C

(3),1232
lq 0.0217%

Table 4.5.: Complete dimension-six operator mixing generated between the EW scale
µEW = 246.22GeV and the one-coefficient scale estimate Λest. Every per-
centage is the magnitude of the induced coefficient divided by the input co-
efficient. The numerical evolution uses wilson 2.5.2 in a continuously fixed
Warsaw weak basis. “Notable” denotes mixing of at least 1%; coefficients
down to 0.001% are listed.
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5. Beyond Standard Model (BSM)
physics

We now want to investigate the UV fields that could possibly leave their imprint on
muon decay. The direction of our inquiry, as we are coming from the low-energy regime,
makes the necessary line of reasoning quite intricate. Inferring the effective low-energy
limit of a given UV extension of the SM is relatively straight-forward: We construct an
amplitude with a heavy degree of freedom and integrate it out, as we did in Sec. 2.3.
As we match the resulting expression to the corresponding effective contact interaction
we find its Wilson coefficient. And as we carry out this calculation for all constructable
amplitudes we derive the complete set of Wilson coefficients and thus the full low-energy
EFT. However, finding all UV origins for a given effective operator by such a top-down
approach requires extensive research – which comes down to constructing all low-energy
EFTs for all possible UV models (of a certain type). So for the directive of this work a
more effective bottom-up strategy would clearly be more adequate.

Luckily the bottom-up approach has been made effective by the work on local on-shell
amplitudes of recent years. Specifically Li, Ni, Xiao & Yu showed in [41] the correspon-
dence of on-shell contact amplitudes and effective operators and De Angelis provided
in [18] an algorithm for finding all kinematically independent massive amplitudes from
UV states. This allows Li, Ren & Yu in [42] to present a complete UV dictionary for
SMEFT operators up to dimension seven. Precisely, their dictionary allows us to look up
all BSM particles of spin 0, 12 , 1 that lead to renormalizable UV interactions which would
then match at tree-level to a SMEFT operator of our interest – which for our endevaour
means a SMEFT operator that could disturb muon decay.

We order the steps of the thought process in the following way: First we look up all UV
fields that produce the SMEFT operators we derived in Sec. 4.3. In the following section
we analyze the Lagrangian for a specific UV field – S4 – so we are well prepared to derive
our results in the next chapter.

5.1. The UV dictionary

We use the dictionary from [42] to determine the possible UV origins of our SMEFT op-
erators – the complete list of new UV states that at tree-level produce SMEFT operators
of dimension five, six and seven is cited in Tab. C.1 in the appendix. We see that the
dimension six operators are produced by adding a single new UV field to the Lagrangian.
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Notation [42] S2 S4 S6 F1 F2 F3 F4

Notation [8] S1 φ Ξ1 N Ec ∆c
1 ∆c

3

Irrep (1,1)1 (1,2) 1
2

(1,3)1 (1,1)0 (1,1)1 (1,2) 1
2

(1,2) 3
2

Notation [42] F5 F6 V1 V2 V3 V4
Notation [8] Σ Σc

1 B B1 L†
3 W

Irrep (1,3)0 (1,3)1 (1,1)0 (1,1)1 (1,2) 3
2

(1,3)0

Table 5.1.: BSM scalars, fermions and vectors that produce the operators
Oll,Ole,O

(1)
Hl ,O

(3)
Hl ,OHe,OleHD,OēlllH at tree-level. Fermions have a

superscript c if they are conjugated with each other. Majorana fermions F1

and F5 have parity left, i.e. F = FL = PLF . Vectors have a superscript † if
they are conjugated with each other.

The four-lepton operators Oll and Ole naturally need a bosonic mediator – a vertex of
three fermions would not produce a Lorentz scalar and have half-integer canonical mass
dimension after all. The operators O(1,3)

Hl on the other hand allows for both a vector and a
fermion channel – either connecting the currents (H†DH) and (ll) with each other or H†l
with Hl. Our two dimension seven operators OleHD and OēlllH are produced by either
adding F1 or F5 or combinations of fields. The fermions F1 ∼ (1,1)0 and F5 ∼ (1,3)0
both have zero hypercharge and transform as real representations of SU(2)L – so they
are self-conjugate and their Majorana mass exactly provides the ∆L = 2 for producing a
dimension seven SMEFT operator that violates lepton number by two. For the remaining
completions, no single non-Majorana field suffices – two heavy propagators are needed
in order to attach all the external fields and violate lepton number.

Oll → S2, S6, V1, V4 (5.1)
Ole → S4, V1, V3 (5.2)

O(1)
Hl → F1, F2, F5, F6, V1 (5.3)

O(3)
Hl → F1, F2, F5, F6, V4 (5.4)
OHe → F3, F4, V1 (5.5)
OleHD → F1, F5, (F3, S6), (F3, V2), (V2, V3) (5.6)
OēlllH → F1, F5, (S2, S4), (S2, F4), (S4, S6), (S6, F4) (5.7)

The representations of all the UV fields above are given in Tab. 5.1. The notation in the
first line of the table is that of Li, Ren & Yu in [42], the notation in the second line the
more common names as cited in [8]. We would now like to analyze the (possible) UV
origins of the dimension six coefficients and obtain mass limits. As we see in Eq. 5.1 the
coefficient Cll could be produced by scalar mediator S2 or S6 or a vector mediator V1
or V4.
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Let us take a look at the precise matching conditions from the dictionary:

Cll = −
Df1f2p1llS2

Df4f3p1∗llS2

2M2
S2

+
Df1f2p1llS6

Df4f3p1∗llS6

4M2
S6

−
Df1f3p1
ll†V1

Df2f4p1
ll†V1

2M2
V1

+
Df1f3p1
ll†V4

Df2f4p1
ll†V4

4M2
V4

−
Df1f4p1
ll†V4

Df2f3p1
ll†V4

2M2
V4

+
Df2f1p1llS2

Df4f3p1∗llS2

2M2
S2

+
Df2f1p1llS6

Df4f3p1∗llS6

4M2
S6

(5.8)

The indices (f1, f2, f3, f4) are flavor indices which in Eq. 4.15 are labeled (s, r, t, p). We
see that the matching conditions have the following general structure:

C
(6)
i (MX) = κ

λaλ
∗
b

M2
X

(5.9)

Here we use i = ll, le,Hl(1), Hl(3),He (the full matching conditions are cited in Eq. C.1
to Eq. C.7 in the appendix) and a, b are flavor indices and κ is a numerical or group
theoretic factor from the matching procedure. If we denote by R the correction from the
(LEFT or SMEFT) RGE and remember that our constrain ϵallowed relates to the LEFT
coefficient by a factor of VEV squared ϵallowed ≡ v2Lallowed(µµ) we can derive the general
formula for the mass bounds on our heavy mediators:

MX > v ·

√︄
|Rκλaλ∗b |
ϵallowed

(5.10)

For the dimension seven operators we take a look at the matching condition for CleHD
– the operator OēlllH has quite an opulent matching and we only cite it in the appendix
in Eq. C.7.

CleHD = −
yp1f5e Dp2f1F1Hl

Dp2p1F1Hl

2M3
F1

−
yp1f5e Df1p1p2llS6

Cp2
HHS†

6

M4
S6

−
yp1f5e Dp2f1F5Hl

Dp2p1F5Hl

4M3
F5

+
yp1f5e Cp2

HHS†
6

Dp1f1p2llS6

M4
S6

+
2iDf5p1p2eF1V2

Dp1f1F1Hl
Dp2
HHV †

2 D

MF1M
2
V2

−
Df5p1∗
e†F †

3RH
†D

p2p1

F1F
†
3RH
Dp2f1F1Hl

MF1M
2
F3

−
Df5p1∗
e†F †

3RH
†D

p1p2∗
F3LF5H†Dp2f1F5Hl

MF3M
2
F5

+
2iDf5p1∗

e†F †
3RH

†D
p1f1p2∗
F3Ll†V

†
2

Dp2
HHV †

2 D

MF3M
2
V2

−
Df5p1∗
e†F †

3RH
†D

p1p2

F †
3RF5H

Dp2f1F5Hl

2M2
F3
MF5

−
Df5p1∗
e†F †

3RH
†D

p1f1p2

F †
3RlS6

Cp2
HHS†

6

M2
F3
M2
S6

+
Df5p1p2∗
e†F5S

†
6

Dp1f1F5Hl
Cp2
HHS†

6

M2
F5
M2
S6

−
2iDf5f1p1∗

e†l†V †
3

Cp2
HHS†

6

Dp2p1
HS6V

†
3 D

M2
S6
M2
V3

−
4iDf5f1p1∗

e†l†V †
3

Dp2
HHV †

2 D
Cp2p1
HV2V

†
3

M2
V2
M2
V3

(5.11)

We see that for a SM extension of a single fermion F1 or F5 the mass is bound by a term
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of the following form:

MX = v ·
(︃
|Rκλeff|
ϵallowed

)︃ 1
3

(5.12)

For a two-field completion the experiment only constraints:

M2
XMY >

|Rκλ1λ2λ3|v3

ϵallowed
(5.13)

Only if we assume MX ≈MY the cube root formula applies.

5.2. Correlated mediators

Especially interesting are mediators that produce multiple SMEFT operators that disturb
muon decay – as for example the BSM vector field V1, which matches onto Oll,Ole and
O(1)
Hl all-together. Schematically V1 couples to three currents:

LBSM ⊃ V1µ(λHJµH + λl,prJ
µ,pr
l + λe,prJ

µ,pr
e ) (5.14)

So integrating out V1 generates simultaneously:

Cll ∼
λlλl
M2
V1

Cle ∼
λlλe
M2
V1

C
(1)
Hl ∼

λHλl
M2
V1

(5.15)

These should be constrained together by the LEFT observables – which we will do in the
following chapter.
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6. Results

We begin by discussing the constraints for UV fields that would produce the operator
Ole. From the LEFT bounds in Tab. 3.2 and from the matching condition in Eq. 4.26
we know that the real and imaginary part of its coefficient lie in this 95%-confidence
region:

v2Re[C2112
le ] in [−0.021,+0.018] and v2Im[C2112

le ] in [−0.017,+0.023] (6.1)

The UV matching of this operator was cited in Eq. 6.7 and for C2112
le amounts to:

C2112
le =

D12p1
e†eV1
D12p1
ll†V1

M2
V1

−
D11p1

e†lS†
4

D22p1∗
e†lS†

4

2M2
S4

+
D12p1

e†l†V †
3

D21p1∗
e†l†V †

3

M2
V3

(6.2)

If we assume single-mediator dominance, a single heavy copy accordingly, and a unit real
coupling product, the appropriate limits for the masses are:

MV1 ,MV3 >
v√
0.018

≃ 1.84 TeV (6.3)

MS4 >
v√︁

2(0.021)
≃ 1.2 TeV (6.4)

For S4 we used the lower end of the 95% CL region and for V1, V3 the upper end due
to the sign in their matching condition. The SMEFT RGEs only change the Wilson
coefficient by about 1% as we see from Tab. 4.2.

6.1. Heavy Scalar S4

It’s time to change gears and reverse the direction: We take a look at which SMEFT
operators S4 produces and if they would show up in muon decay. From the dictionary
we can look up the top-down translation of S4:

S4 → OH ,OeH ,OuH ,OdH ,Ole,O(1)
qu ,O(8)

qu ,O
(1)
qd ,O

(8)
qd ,Oleqd,O

(1)
quqd,O

(1)
lequ (6.5)

But we do can not really make any educated assumptions on the hypothetical coupling
of S4 to the quark sector or the Higgs. Let us assume those other couplings are zero –
can we infer something nevertheless?
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The Lagrangian term of S4 relevant for its matching conditions is this:

∆LS4 = − 2Drsp
d†QS†

4

[(d̄r)
a(qs)ai](S

†
4p)

i −Drsp
e†lS†

4

[ēr(ls)i](S
†
4p)

i

− 2Drps
QS4u†

ϵji[(ūs)
a(qr)aj ](S4p)i −DpHH†H†S4(1)

δikδ
j
lHjH

†kH†l(S4p)i

−Dp
HH†H†S4(2)

δilδ
j
kHjH

†kH†l(S4p)i (6.6)

So the matching condition of Cle to S4 in prst convention is the following:

Cle,prst = −
Dsr
e†lS†

4

Dtp∗
e†lS†

4

2M2
S4

(6.7)

We get for Cle,2112 the following matching:

Cle,2112 = −
D11a
e†lS†

4

D22a∗
e†lS†

4

2M2
S4

= −
λeλ

∗
µ

2M2
S4

(6.8)

We thus can infer:

|Cle,1111| = −
λ2e

2M2
S4

|Cle,2222| = −
λ2µ

2M2
S4

|Cle,1221| = −
λ∗eλµ
2M2

S4

(6.9)

Together with our assumptions λe ≃ 1 and λµ ≃ 1 this translates to:

|C1111
le | > 1.2 TeV |C2222

le | > 1.2 TeV |C2112
le | > 1.2 TeV (6.10)

For Ole,1111 = (l̄eγµle)(ēRγ
µeR) probably Bhabha scattering e+e− → e+e− provides

the most direct probe. Here, Cle,1111 interferes with the SM photon and Z-exchange
amplitudes. A recent scalar-doublet analysis using the LEP differential distributions
quotes [20]:

MS4

|λe|
> 2.7 TeV (95% CL) (6.11)

At MS4 = 2.7 TeV, the unit-coupling prediction is already:

|v2C2112
le | = v2

2M2
S4

≃ 0.00416 (6.12)

This is well inside the Michel parameter interval. However, muon decay still gives compli-
mentary sensitivity to the complex phase. For the coefficient Cle,2222 a future high-energy
muon collider could probe the muonic analogue of Bhabha scattering, µ+µ→ µ+µ− and
significantly extend current sensitivity to muon contact interactions [26].

As S4 is an electroweak scalar doublet, it contains charged and neutral components. The
gauge interactions are fixed by its representation, independently of λe or λµ, and the
components could thus be produced through electroweak processes involving γ, Z,W±.
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The expected decay would be then:

S0
4 → e+e− S0

4 → µ+µ− (6.13)
S±
4 → e±νe S±

4 → µ±νµ (6.14)

It has been shown that a charged scalar decaying into electrons or muons would provide
an especially clean collider signature [3].

Falkowski & Mimouni discuss in [21] the constraints on SMEFT couplings from Michel
parameter data as well and remark, like us, that at linear order the best bound comes
from η and β′/A on the real and imaginary part of C2112

le ([cle]1221 in their notation)
respectively. They refrain from giving an explicit bound on S4 (“inert Higgs”) exactly
because LEP data provides the stronger bound.

6.2. Correlated mediator V1

The heavy mediator V1 produces multiple LEFT coefficients at the scale of muon decay
and we use it to obtain a mass bound from a correlated fit. Let us first take a look at
its Lagrangian:

∆LV1 = − 2Drsp
d†dV1

[(d̄r)
aγµ(ds)a]V

µ
1p −D

rsp
e†eV1

1[ērγµes]V
µ
1p − 2Dp

HH†V1D
[DµHi]H

†iV µ
1p

+Drsp
ll†V1

[(l̄s)
iγµ(lr)i]V

µ
1p + 2Drsp

QQ†V1
[(q̄s)

aiγµ(qr)ai]V
µ
1p

− 2Drsp
u†uV1

[(ūr)
aγµ(us)a]V

µ
1p (6.15)

We choose real unit couplings λl = λe = h = 1 and define:

s ≡ v

MV
v = 0.246 TeV (6.16)

xab ≡ v2LV,LLνe,ab12 yab ≡ v2LV,LRνe,ab12 (6.17)

The nonzero coefficients are then:

(a, b) xab yab

(2, 1) − s2 s2

(1, 2) − s2 s2

(1, 1), (2, 2), (3, 3) s2 −s2

(6.18)
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If we substitute this into our full-fermion formulas from chapter 3 we receive:

RG(s) ≡
G2
F

GF,SM
= 1 + s2 +

5

2
s4 (6.19)

ρ(s) = δ(s) =
3

4
(6.20)

ξ(s) = ξ′(s) = 1− 5

2
s4 (6.21)

ξ′′(s) = 1 (6.22)

η(s) = −η′′(s) = 1

2
s2 +

3

4
s4 (6.23)

α′

A
=
β′

A
= 0 (6.24)

Define a total chi-squared over our five experimental blocks (TWIST, Danneberg, ξ′, ξ′′

and the electroweak input scheme for GF,SM):

χ2(s) = χ2
T (s) + χ2

D(s) +

(︃
ξ′(s)− 1.00

0.04

)︃2

+

(︃
ξ′′(s)− 0.98

0.04

)︃2

+ χ2
GF

(s) (6.25)

And we obtain:
MV1 >

v

s95
=

0.246 TeV
0.0595

= 4.13 TeV (6.26)

This is consistent with our first naïve result in Eq. 3.17 and moreover with the findings
of Falkowski & Mimouni in Sec. 5.2 of [21] where they report MV /λl,e > 3.3 to 10 TeV
depending on the ratio of left- and right-handed couplings.

Input-parameter effects of CHD

The neutral vector singlet V1 ∼ (1,1)0 may couple to the Hermitian Higgs current
according to:

∆LV1 ⊃ −λhV1,µJ
µ
H JµH = H†i

←→
D µH (6.27)

Integrating out V1 generates, among other operators:

CHD = −
2λ2h
M2
V1

(6.28)

This coefficient does not induce a four-lepton contact interaction or modify the charged-
current Wlν vertex directly. Its effect on muon decay instead arises through the relations
between the Lagrangian parameters and the measured electroweak input observables.
Writing the Higgs doublet after electroweak symmetry breaking as

H =
1√
2

(︃
0

v + h

)︃
, (6.29)
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one finds, to linear order in CHD:

m2
W =

g22v
2

4
m2
Z =

(g21 + g22)v
2

4

(︃
1 +

1

2
v2CHD

)︃
(6.30)

Thus CHD changes the values of g1, g2 and v inferred from a chosen set of electroweak
inputs. In the {ˆ︁mW , ˆ︁mZ , ˆ︁α} scheme used here, keeping the measured inputs fixed gives:

δv

v
= −

c2W
4s2W

v2CHD
δGpred

F

Gpred
F

=
c2W
2s2W

v2CHD = −
c2W
s2W

λ2hv
2

M2
V1

(6.31)

Since the decay rate scales as Γµ ∝ G2
F , this produces an overall normalization shift:

δΓµ
Γµ

⃓⃓⃓⃓
CHD

= −2
c2W
s2W

λ2hv
2

M2
V1

. (6.32)

It does not, at this order, change the normalized Michel-spectrum shape parameters. If
GF is itself chosen as an electroweak input, the same effect is absorbed into the inferred
value of v and instead appears in the predictions for other electroweak observables.

A consistent treatment would therefore require the simultaneous redefinition of the elec-
troweak input parameters and the inclusion of electroweak precision observables together
with the remaining operators generated by V1. Such a global analysis lies beyond the
scope of this work and is not pursued further.

6.3. Dimension seven results

The constraints from the dimension-seven operators are considerably lower than the ones
from the dimension-six SMEFT – this is because their leading contribution to the Michel
observables scale as:

∆O ∼ |z7|2 ∼
(︂ v
Λ

)︂6
(6.33)

In [25] the authors constrain the operator OēlllH via non-standard muon decay: LS,LLνe,2112

leads to ΛNP ≈ 0.4 TeV and LS,LLνe,2112 to ΛNP ≈ 0.2 TeV under the assumption of single
LEFT operator dominance to µ+ → e+ + ν̄e + ν̄µ. The results agree at the expected
order of magnitude – our somewhat higher coefficient-scale sensitivity follows from a
tighter Michel-parameter constraint and from using projected symmetric or mixed flavor
directions rather than the single raw coefficient employed in the earlier estimate.
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7. Outlook

We perturbed the Michel parameters of muon decay in the presence of LEFT operators
and traced their possible UV origin all the way up to the scale of new physics. For a
scalar doublet and a vector singlet we derived mass bounds and compared them to the
literature, whereby our results turned out to be consistent with established constraints.
We would now like to reflect on some ideas for improving the precision of the presented
results as well as shifting the conceptual core of the investigation.

Dimension seven and Weinberg The most immediate extension of the dimension-seven
analysis would be a combined treatment of the Weinberg and dimension-seven operators.
Rather than setting C5 to zero at the electroweak scale, one could choose a concrete
UV completion, match all of its dimension-five, -six and -seven coefficients at the heavy
thresholds, and evolve them downwards simultaneously. The resulting Majorana mass
matrix could then be confronted with neutrino-oscillation data, the KATRIN bound,
neutrinoless double-beta decay where applicable, and other lepton-number-violating ob-
servables. Such a multi-frontier analysis is particularly important for the F1 and F5 com-
pletions, because the same UV interactions that generate the dimension-seven operators
also produce the Weinberg operator. Existing surveys of dimension-seven lepton-number
violation provide a natural basis for this comparison [25].

Matching to the HEFT Moreover, the SMEFT analysis assumes a linear realization
of electroweak symmetry breaking. If the Higgs does not belong to an approximately
elementary doublet at the scale of new physics, the appropriate intermediate description
would instead be the HEFT. Establishing the corresponding HEFT-to-LEFT matching
would show which relations among the low-energy coefficients are consequences of the
linear Higgs doublet and which survive more generally.

Michel parameters in the on-shell amplitude basis An interesting idea would also be
to formulate the perturbations of the Michel parameters directly in the on-shell amplitude
basis. Instead of beginning with a Lagrangian operator basis or the traditional SPVAT
couplings, one would construct the most general local four-point amplitude for muon
decay:

A(µ→ eνpν̄r) = ASM +
∑︂
I

aI BI (7.1)
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Here, the BI denote independent spinor-helicity structures that obey Lorentz invariance,
little-group covariance, locality and the required fermionic exchange symmetries. The
muon and, for a complete analysis of the Michel parameters, the electron would have to
be treated as massive external states, whereas the neutrino masses could be neglected.
The coefficients aI would constitute an amplitude-level counterpart of the LEFT Wilson
coefficients and could be related to them by an explicit matching calculation.

The Michel parameters would then arise from bilinears of these amplitude coefficients
after forming the polarized squared amplitude and integrating over the unobserved neu-
trino phase space. Schematically, each parameter could be represented as

X =
a†MXa

a†MNa
X ∈ {ρ, η, ξ, δ, ξ′, . . .} (7.2)

where MX encodes the relevant polarized phase-space integral and MN determines the
decay normalization. Expanding a = aSM + δa would directly separate the interference
terms, which are linear in the new amplitude, from the contributions that are quadratic
in it. In this way, the perturbative expressions derived in the LEFT could be reproduced
without introducing off-shell operator redundancies.

The on-shell formulation would also establish a direct connection to the UV dictionary
employed in this thesis. A local four-point interaction observed at low energies can be
opened into possible ultraviolet origins by determining the massive poles through which
the corresponding amplitude can factorize. In the vicinity of a heavy propagator, one
schematically has:

AUV
4 ⊃ A

(L)
3 A

(R)
3

p2 −M2

p2≪M2

−−−−−→ −A
(L)
3 A

(R)
3

M2
+O

(︃
p2

M4

)︃
. (7.3)

The low-energy contact amplitude is thus the first term in the expansion of a factorization
channel containing a dynamical heavy field. This would express the full bottom-up
trajectory within a common on-shell language.

The spinor-helicity formalism also points beyond the current Lagrangian formulation
of particle physics. This fits very well with the overall directive of this work, namely
shifting away from the idea of a single, complete theory that determines all observables
and towards a display of the principles that connect the multiple description of physical
reality.
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A. Kinematics

In this section we closely follow the textbook by Scheck [51] and define the momenta as
follows:

µq →
(−)
ν k1 +

(−)
ν k2 + ep , (A.1)

that is the momentum assigned to the muon is q, that for the electron is p, etc. The
labels k1 and k2 are integrated over in deriving the Michel parameters, so the assignment
to (massless) neutrinos is arbitrary. When treating tau decays, the tau momentum is
also taken to be q.

We take s0 = (0, Pµn̂0) to be the muon spin four-vector, with Pµ the muon polarization
and n⃗0 a unit vector in the direction of the muon spin expectation value. A similar spin
vector can be defined for the electron,

s1 =

(︃
1

me
p⃗ · n̂1, n̂1 +

p⃗ · n̂1
me(E +me)

p⃗

)︃
, (A.2)

which projects onto the electron spin state with spin along n⃗1 [52].

We work in the muon rest frame, qµ = (mµ, 0⃗), and express the electron four-momentum
us pµ = (Ee, p⃗). Working out the relevant products of four-vectors we obtain:

q2 = m2
µ , (A.3)

p2 = m2
e , (A.4)

q · p = mµEe , (A.5)
q · s0 = 0 , (A.6)

q · s1 =
mµ

me
p⃗ · n̂1 , (A.7)

p · s0 = −Pµ p⃗ · n̂0 , (A.8)
p · s1 = 0 , (A.9)

s0 · s1 = −Pµ
(︃
n̂0 · n̂1 +

p⃗ · n̂1 p⃗ · n̂0
me(Ee +me)

)︃
. (A.10)

The PDG defines muon decay kinematics dependent on the electron spin in terms of the
product of ζ̂ · P⃗e. From a theory perspective we are able to choose to align ζ with the n̂1
direction.
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The product p · s0 is independent of the electron spin orientation:

p · s0 = −Pµ|p⃗| cos θ . (A.11)

Taking ê3 to be along p⃗ we find q · s1 lies strictly along ê3 = p̂:

q · s1 =
mµ

me
|p⃗|ζ3 . (A.12)

The vectors p̂ and n̂0 define the decay plane. The ê1 direction is taken to be the compo-
nent of the muon spin direction orthogonal to the electron momentum,

ê1 =
n̂0 − (n̂0 · p̂)p̂√︁
1− (n̂0 · p̂)2

=
n̂0 − cos θp̂

sin θ
, (A.13)

and therefore lies in the decay plane orthogonal to p̂. The product of the electron and
muon spins then decomposes over the ê1 and ê3 directions:

s0 · s1 = −Pµ
(︃
sin θζ1 +

Ee
me

cos θζ3

)︃
. (A.14)

Finally ê2 is taken to be normal to the decay plane. In this case only the structure,
n̂0 · (n̂1 × p̂) contributes, which in four vectors corresponds to:

ϵµνρσs
µ
0s
ν
1q
ρpσ = mµPµ|p⃗| sin θζ2 (A.15)

A.1. Phase space integrations

In the LEFT, we need to perform phase space integrations of squared amplitudes depen-
dent on higher orders in momentum than treated in Scheck or for example [46]. Taking
Q ≡ k1 + k2 = q − p, and defining∫︂

dΦ2 =

∫︂
d3k1
2k01

d3k2
2k02

δ(4)(Q− k1 − k2) , (A.16)

we obtain: ∫︂
dΦ2 1 =

π

2
, (A.17)∫︂

dΦ2 k
µ
1 =

π

4
Qµ , (A.18)∫︂

dΦ2 k
µ
1k

ν
1 =

π

24

(︁
4QµQν −Q2ηµν

)︁
, (A.19)∫︂

dΦ2 k
µ
1k

ν
1k

ρ
1 =

π

48

[︁
6QµQνQρ −Q2 (Qµηνρ +Qνηµρ +Qρηµν)

]︁
. (A.20)
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It is important to note that all momenta in these basis integrands are the same, i.e. they
are all k1. These results also implicitly assume massless neutrinos. When applying these
identities to our results we simply substitute k2 = Q − k1 so that our integrals depend
only on k1.

The decay width is for the muon is then given as:

d2Γ

dEed cos θ
=

1

4mµ

√︁
E2
e −m2

e

(2π)5

∫︂
dϕ dΦ2|M|2 , (A.21)

with M the amplitude for the process. As our definition of the two body phase space
excludes factors or 2π some additional factors appear explicitly in our expression for the
differential decay width. For identical neutrinos in the final state an additional factor of
one half is necessary.

Defining the maximum electron energy to be,

W =
1

2mµ
(m2

µ +m2
e) (A.22)

we make a change of variables to x ≡ Ee/W giving:

d2Γ

dxd cos θ
=

W

4mµ

√︁
W 2x2 −m2

e

(2π)5

∫︂
dϕ dΦ2|M|2 (A.23)

A.2. Michel basis functions

We define the following set of basis functions to aid in extracting the Michel parameters.
Starting with electron polarization independent Michel parameters we define:

ϕ1(x, x0, cos θ) =
√︂
x2 − x20x(1− x) (A.24)

ϕ2(x, x0, cos θ) =
√︂
x2 − x20

2

9
(4x2 − 3x− x20) (A.25)

ϕ3(x, x0, cos θ) =
√︂
x2 − x20x0(1− x) (A.26)

ϕ4(x, x0, cos θ) = cos θ(x2 − x20)
1

3
(1− x) (A.27)

ϕ5(x, x0, cos θ) = cos θ(x2 − x20)
2

9

[︃
(4x− 3) +

√︂
1− x20 − 1

]︃
(A.28)

These correspond to the kinematic structures multiplying the Michel parameters in the
differential decay rate. For example, considering only ρ dependence from the decay rate
we have:

d2Γ

dxd cos θ
∼ ρmµ

4π3
W 4G2

F

√︂
x2 − x20

2

9
(4x2 − 3x− x20) (A.29)
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Defining the Gram matrix:

Gij =

∫︂ 1

x0

dx

∫︂ 1

−1
d cos θϕiϕj (A.30)

We can solve for the Michel parameters by taking:⎛⎜⎜⎜⎜⎜⎝
A ≡ G2

FmµW 4

4π3

Aρ
Aη
±PµAξ
±PµAξδ

⎞⎟⎟⎟⎟⎟⎠ = G−1
ij bj , (A.31)

Here, we have defined:

bj =

(︃∫︂ 1

x0

dx

∫︂ 1

−1
d cos θ

d2Γ

dxd cos θ
ϕj

)︃
(A.32)

For muon decay ±1 should be understood to be +1 for positive muon decay, and −1 for
negative muon decay.

The same approach is taken for the other Michel parameters. We split these cases by
their projection onto our choice of ζi.
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G−1bunpol =

⎛⎜⎜⎜⎜⎜⎝
A

Aρ

Aη

−PµAξ
−PµAξδ

⎞⎟⎟⎟⎟⎟⎠

G−1bζ1 =

⎛⎜⎜⎜⎜⎜⎜⎝
−PµA

6

[︃
ξ′′ + 12

(︃
ρ− 3

4

)︃]︃
−PµA

4
η

PµA

12
η′′

⎞⎟⎟⎟⎟⎟⎟⎠

G−1bζ2 =

⎛⎜⎜⎝ PµA
α′

A
2

3
PµA

√︁
1− x20

β′

A

⎞⎟⎟⎠

G−1bζ3 =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

−A
6
ξ′

−2A

27
ξ

(︃
δ − 3

4

)︃
PµA

6
ξ′′

2PµA

3

(︃
ρ− 3

4

)︃
PµA

3
η′′

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

(A.33)

ζ1 The ζ1 projection corresponds to FT1 in the PDG notation [48]. The basis functions
we choose are:

ϕζ1,1(x, x0, cos θ) =
√︂
x2 − x20

√︁
1− cos2 θ(1− x)x0 (A.34)

ϕζ1,2(x, x0, cos θ) =
√︂
x2 − x20

√︁
1− cos2 θ(x2 − x20) (A.35)

ϕζ1,3(x, x0, cos θ) =
√︂
x2 − x20

√︁
1− cos2 θ(4x− 3x2 − x20) (A.36)

(A.37)

These basis functions allow for the extraction of ξ′′, η, and η′′ respectively. The simul-
taneous extraction of η from ϕζ1,2 and ϕ3 provides a useful consistency check of our
results.
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ζ2 The ζ2 projection corresponds to FT2 in the PDG notation [48]. The basis functions
we choose are:

ϕζ2,1(x, x0, cos θ) = (x2 − x20)
√︁
1− cos2 θ(1− x) (A.38)

ϕζ2,2(x, x0, cos θ) = (x2 − x20)
√︁
1− cos2 θ

√︂
1− x20 (A.39)

These basis functions allow for the extraction of α′/A and β′/A respectively.

ζ3 The ζ3 projection corresponds to FIP and FAP in the PDG notation [48]. The basis
functions we choose are:

ϕζ3,1(x, x0, cos θ) = (x2 − x20)(2− 2x+
√︂

1− x20) (A.40)

ϕζ3,2(x, x0, cos θ) = (x2 − x20)(4x− 4 +
√︂
1− x20) (A.41)

ϕζ3,3(x, x0, cos θ) = cos θ
√︂
x2 − x20(2x

2 − x− x20) (A.42)

ϕζ3,4(x, x0, cos θ) = cos θ
√︂
x2 − x20(4x

2 − 3x− x20) (A.43)

ϕζ3,5(x, x0, cos θ) = cos θ
√︂
x2 − x20(1− x)x0 (A.44)

These basis functions allow for the extraction of ξ′, δ, ξ′′, ρ, and η′′. Again, redundancy
with previously extracted Michel parameters provides a useful cross check of our results.
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B. Operator bases

B.1. LEFT basis

Here, we give the operator bases of the LEFT at dimension six used in Ch. 3. We
highlighted the operators that perturb muon decay in Tab. B.1 and Tab. B.2 with a gray
background color.

B.2. SMEFT basis

Here, we give the operator bases of the SMEFT at dimensions six and seven used in
Ch. 4. We highlighted in Tab. B.3, Tab. B.4 and Tab. B.5 the operators with a gray
background color that match onto LEFT operators which perturb muon decay.
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νν + h.c.

Oνν (νTLpCνLr)

(νν)X + h.c.

Oνγ (νTLpCσ
µννLr)Fµν

(L̄R)X + h.c.

Oeγ ēLpσ
µνeRrFµν

Ouγ ūLpσ
µνuRrFµν

Odγ d̄Lpσ
µνdRrFµν

OuG ūLpσ
µνTAuRrG

A
µν

OdG d̄Lpσ
µνTAdRrG

A
µν

X3

OG fABCGAνµ GBρν GCµρ

O ˜︁G fABC ˜︁GAνµ GBρν GCµρ

(L̄L)(L̄L)

OV,LLνν (ν̄Lpγ
µνLr)(ν̄LsγµνLt)

OV,LLee (ēLpγ
µeLr)(ēLsγµeLt)

OV,LLνe (ν̄Lpγ
µνLr)(ēLsγµeLt)

OV,LLνu (ν̄Lpγ
µνLr)(ūLsγµuLt)

OV,LLνd (ν̄Lpγ
µνLr)(d̄LsγµdLt)

OV,LLeu (ēLpγ
µeLr)(ūLsγµuLt)

OV,LLed (ēLpγ
µeLr)(d̄LsγµdLt)

OV,LLνedu (ν̄Lpγ
µeLr)(d̄LsγµuLt) + h.c.

OV,LLuu (ūLpγ
µuLr)(ūLsγµuLt)

OV,LLdd (d̄Lpγ
µdLr)(d̄LsγµdLt)

OV 1,LL
ud (ūLpγ

µuLr)(d̄LsγµdLt)

OV 8,LL
ud (ūLpγ

µTAuLr)(d̄LsγµT
AdLt)

(R̄R)(R̄R)

OV,RRee (ēRpγ
µeRr)(ēRsγµeRt)

OV,RReu (ēRpγ
µeRr)(ūRsγµuRt)

OV,RRed (ēRpγ
µeRr)(d̄RsγµdRt)

OV,RRuu (ūRpγ
µuRr)(ūRsγµuRt)

OV,RRdd (d̄Rpγ
µdRr)(d̄RsγµdRt)

OV 1,RR
ud (ūRpγ

µuRr)(d̄RsγµdRt)

OV 8,RR
ud (ūRpγ

µTAuRr)(d̄RsγµT
AdRt)

(L̄L)(R̄R)

OV,LRνe (ν̄Lpγ
µνLr)(ēRsγµeRt)

OV,LRee (ēLpγ
µeLr)(ēRsγµeRt)

OV,LRνu (ν̄Lpγ
µνLr)(ūRsγµuRt)

OV,LRνd (ν̄Lpγ
µνLr)(d̄RsγµdRt)

OV,LReu (ēLpγ
µeLr)(ūRsγµuRt)

OV,LRed (ēLpγ
µeLr)(d̄RsγµdRt)

OV,LRue (ūLpγ
µuLr)(ēRsγµeRt)

OV,LRde (d̄Lpγ
µdLr)(ēRsγµeRt)

OV,LRνedu (ν̄Lpγ
µeLr)(d̄RsγµuRt) + h.c.

OV 1,LR
uu (ūLpγ

µuLr)(ūRsγµuRt)

OV 8,LR
uu (ūLpγ

µTAuLr)(ūRsγµT
AuRt)

OV 1,LR
ud (ūLpγ

µuLr)(d̄RsγµdRt)

OV 8,LR
ud (ūLpγ

µTAuLr)(d̄RsγµT
AdRt)

OV 1,LR
du (d̄Lpγ

µdLr)(ūRsγµuRt)

OV 8,LR
du (d̄Lpγ

µTAdLr)(ūRsγµT
AuRt)

OV 1,LR
dd (d̄Lpγ

µdLr)(d̄RsγµdRt)

OV 8,LR
dd (d̄Lpγ

µTAdLr)(d̄RsγµT
AdRt)

OV 1,LR
uddu (ūLpγ

µdLr)(d̄RsγµuRt) + h.c.

OV 8,LR
uddu (ūLpγ

µTAdLr)(d̄RsγµT
AuRt) + h.c.

(L̄R)(L̄R) + h.c.

OS,RRee (ēLpeRr)(ēLseRt)

OS,RReu (ēLpeRr)(ūLsuRt)

OT,RReu (ēLpσ
µνeRr)(ūLsσµνuRt)

OS,RRed (ēLpeRr)(d̄LsdRt)

OT,RRed (ēLpσ
µνeRr)(d̄LsσµνdRt)

OS,RRνedu (ν̄LpeRr)(d̄LsuRt)

OT,RRνedu (ν̄Lpσ
µνeRr)(d̄LsσµνuRt)

OS1,RRuu (ūLpuRr)(ūLsuRt)

OS8,RRuu (ūLpT
AuRr)(ūLsT

AuRt)

OS1,RRud (ūLpuRr)(d̄LsdRt)

OS8,RRud (ūLpT
AuRr)(d̄LsT

AdRt)

OS1,RRdd (d̄LpdRr)(d̄LsdRt)

OS8,RRdd (d̄LpT
AdRr)(d̄LsT

AdRt)

OS1,RRuddu (ūLpdRr)(d̄LsuRt)

OS8,RRuddu (ūLpT
AdRr)(d̄LsT

AuRt)

(L̄R)(R̄L) + h.c.

OS,RLeu (ēLpeRr)(ūRsuLt)

OS,RLed (ēLpeRr)(d̄RsdLt)

OS,RLνedu (ν̄LpeRr)(d̄RsuLt)

Table B.1.: LEFT operators of dimension three, five, and six that conserve baryon and
lepton number, and the dimension-three and dimension-five ∆L = ±2 oper-
ators - all tables from [34, p.32]
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∆L = 4+ h.c.

OS,LLνν (νTLpCνLr)(ν
T
LsCνLt)

∆L = 2+ h.c.

OS,LLνe (νTLpCνLr)(ēRseLt)

OT,LLνe (νTLpCσ
µννLr)(ēRsσµνeLt)

OS,LRνe (νTLpCνLr)(ēLseRt)

OS,LLνu (νTLpCνLr)(ūRsuLt)

OT,LLνu (νTLpCσ
µννLr)(ūRsσµνuLt)

OS,LRνu (νTLpCνLr)(ūLsuRt)

OS,LLνd (νTLpCνLr)(d̄RsdLt)

OT,LLνd (νTLpCσ
µννLr)(d̄RsσµνdLt)

OS,LRνd (νTLpCνLr)(d̄LsdRt)

OS,LLνedu (νTLpCeLr)(d̄RsuLt)

OT,LLνedu (νTLpCσ
µνeLr)(d̄RsσµνuLt)

OS,LRνedu (νTLpCeLr)(d̄LsuRt)

OV,RLνedu (νTLpCγ
µeRr)(d̄LsγµuLt)

OV,RRνedu (νTLpCγ
µeRr)(d̄RsγµuRt)

∆B = ∆L = 1+ h.c.

OS,LLudd ϵαβγ(u
αT
LpCd

β
Lr)(d

γT
LsCνLt)

OS,LLduu ϵαβγ(d
αT
LpCu

β
Lr)(u

γT
LsCeLt)

OS,LRuud ϵαβγ(u
αT
LpCu

β
Lr)(d

γT
RsCeRt)

OS,LRduu ϵαβγ(d
αT
LpCu

β
Lr)(u

γT
RsCeRt)

OS,RLuud ϵαβγ(u
αT
RpCu

β
Rr)(d

γT
LsCeLt)

OS,RLduu ϵαβγ(d
αT
RpCu

β
Rr)(u

γT
LsCeLt)

OS,RLdud ϵαβγ(d
αT
RpCu

β
Rr)(d

γT
LsCνLt)

OS,RLddu ϵαβγ(d
αT
RpCd

β
Rr)(u

γT
LsCνLt)

OS,RRduu ϵαβγ(d
αT
RpCu

β
Rr)(u

γT
RsCeRt)

∆B = −∆L = 1+ h.c.

OS,LLddd ϵαβγ(d
αT
LpCd

β
Lr)(ēRsd

γ
Lt)

OS,LRudd ϵαβγ(u
αT
LpCd

β
Lr)(ν̄Lsd

γ
Rt)

OS,LRddu ϵαβγ(d
αT
LpCd

β
Lr)(ν̄Lsu

γ
Rt)

OS,LRddd ϵαβγ(d
αT
LpCd

β
Lr)(ēLsd

γ
Rt)

OS,RLddd ϵαβγ(d
αT
RpCd

β
Rr)(ēRsd

γ
Lt)

OS,RRudd ϵαβγ(u
αT
RpCd

β
Rr)(ν̄Lsd

γ
Rt)

OS,RRddd ϵαβγ(d
αT
RpCd

β
Rr)(ēLsd

γ
Rt)

Table B.2.: LEFT dimension-six four-fermion operators that violate baryon and/or lep-
ton number - all tables from [34, p.33]
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1 : X3

QG fABCGAνµ GBρν GCµρ

Q ˜︁G fABC ˜︁GAνµ GBρν GCµρ

QW ϵIJKW Iν
µ W Jρ

ν WKµ
ρ

Q˜︂W ϵIJK˜︂W Iν
µ W Jρ

ν WKµ
ρ

2 : H6

QH (H†H)3

3 : H4D2

QH□ (H†H)□(H†H)

QHD
(︁
H†DµH

)︁∗ (︁
H†DµH

)︁
5 : ψ2H3 + h.c.

QeH (H†H)(l̄perH)

QuH (H†H)(q̄pur ˜︁H)

QdH (H†H)(q̄pdrH)

4 : X2H2

QHG H†H GAµνG
Aµν

Q
H ˜︁G H†H ˜︁GAµνGAµν

QHW H†HW I
µνW

Iµν

Q
H˜︂W H†H˜︂W I

µνW
Iµν

QHB H†H BµνB
µν

Q
H ˜︁B H†H ˜︁BµνBµν

QHWB H†τ IHW I
µνB

µν

Q
H˜︂WB

H†τ IH˜︂W I
µνB

µν

6 : ψ2XH + h.c.

QeW (l̄pσ
µνer)τ

IHW I
µν

QeB (l̄pσ
µνer)HBµν

QuG (q̄pσ
µνTAur) ˜︁HGAµν

QuW (q̄pσ
µντ Iur) ˜︁HW I

µν

QuB (q̄pσ
µνur) ˜︁HBµν

QdG (q̄pσ
µνTAdr)HG

A
µν

QdW (q̄pσ
µντ Idr)HW

I
µν

QdB (q̄pσ
µνdr)HBµν

7 : ψ2H2D

Q
(1)
Hl (H†i

←→
D µH)(l̄pγ

µlr)

Q
(3)
Hl (H†i

←→
D I

µH)(l̄pτ
Iγµlr)

QHe (H†i
←→
D µH)(ēpγ

µer)

Q
(1)
Hq (H†i

←→
D µH)(q̄pγ

µqr)

Q
(3)
Hq (H†i

←→
D I

µH)(q̄pτ
Iγµqr)

QHu (H†i
←→
D µH)(ūpγ

µur)

QHd (H†i
←→
D µH)(d̄pγ

µdr)

QHud + h.c. i( ˜︁H†DµH)(ūpγ
µdr)

8 : (L̄L)(L̄L)

Qll (l̄pγ
µlr)(l̄sγµlt)

Q
(1)
qq (q̄pγ

µqr)(q̄sγµqt)

Q
(3)
qq (q̄pγ

µτ Iqr)(q̄sγµτ
Iqt)

Q
(1)
lq (l̄pγ

µlr)(q̄sγµqt)

Q
(3)
lq (l̄pγ

µτ I lr)(q̄sγµτ
Iqt)

8 : (R̄R)(R̄R)

Qee (ēpγ
µer)(ēsγµet)

Quu (ūpγ
µur)(ūsγµut)

Qdd (d̄pγ
µdr)(d̄sγµdt)

Qeu (ēpγ
µer)(ūsγµut)

Qed (ēpγ
µer)(d̄sγµdt)

Q
(1)
ud (ūpγ

µur)(d̄sγµdt)

Q
(8)
ud (ūpγ

µTAur)(d̄sγµT
Adt)

8 : (L̄L)(R̄R)

Qle (l̄pγ
µlr)(ēsγµet)

Qlu (l̄pγ
µlr)(ūsγµut)

Qld (l̄pγ
µlr)(d̄sγµdt)

Qqe (q̄pγ
µqr)(ēsγµet)

Q
(1)
qu (q̄pγ

µqr)(ūsγµut)

Q
(8)
qu (q̄pγ

µTAqr)(ūsγµT
Aut)

Q
(1)
qd (q̄pγ

µqr)(d̄sγµdt)

Q
(8)
qd (q̄pγ

µTAqr)(d̄sγµT
Adt)

8 : (L̄R)(R̄L) + h.c.

Qledq (l̄jper)(d̄sqtj)

8 : (L̄R)(L̄R) + h.c.

Q
(1)
quqd (q̄jpur)ϵjk(q̄

k
sdt)

Q
(8)
quqd (q̄jpTAur)ϵjk(q̄

k
sT

Adt)

Q
(1)
lequ (l̄jper)ϵjk(q̄

k
sut)

Q
(3)
lequ (l̄jpσµνer)ϵjk(q̄

k
sσ

µνut)

Table B.3.: 76 operators from the Warsaw basis [29], that conserve baryon and lepton
number → table from [34].
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ψ2H4

OprlH ϵijϵmn(liCp l
m
r )HjHn(H†H)

ψ2H3D

OprleHD ϵijϵmn(liCp γµer)H
jHmiDµHn

ψ2H2D2

OprlHD1 ϵijϵmn(liCp D
µljr)HmDµH

n

OprlHD2 ϵimϵjn(liCp D
µljr)HmDµH

n

ψ2H2X

OprlHB ϵijϵmn(liCp σµν l
m
r )HjHnBµν

OprlHW ϵij(ϵτ
I)mn(liCp σµν l

m
r )HjHnW Iµν

ψ4D

Oprst
d̄ullD

ϵij(dpγµur)(liCs iD
µljt )

OprstēdddD ϵαβγ(epγµd
α
r )(d

βC
s iDµdγt )

Oprst
l̄QddD

ϵαβγ(lpγµQ
α
r )(d

βC
s iDµdγt )

Table B.4.: Dim-7 SMEFT operators with (∆B,∆L) = (0, 2) - all tables from [45, p.5]

ψ4H (∆L = 2)

OprstēlllH ϵijϵmn(epl
i
r)(l

jC
s lmt )Hn

Oprst
d̄lQlH1

ϵijϵmn(dpl
i
r)(Q

jC
s lmt )Hn

Oprst
d̄lQlH2

ϵimϵjn(dpl
i
r)(Q

jC
s lmt )Hn

Oprst
d̄lueH

ϵij(dpl
i
r)(u

C
s et)H

j

Oprst
Q̄ullH

ϵij(Qpur)(lCs l
i
t)H

j

ψ4H (∆B = 1,∆L = −1)

Oprst
l̄dudH̃

ϵαβγ(lpd
α
r )(u

βC
s dγt )

˜︁H
Oprst
l̄dddH

ϵαβγ(lpd
α
r )(d

βC
s dγt )H

Oprst
ēQddH̃

ϵijϵαβγ(epQ
iα
r )(dβCs dγt )

˜︁Hj

Oprst
l̄dQQH̃

ϵijϵαβγ(lpd
α
r )(Q

βC
s Qiγt ) ˜︁Hj

Table B.5.: Dim-7 SMEFT operators with (∆B,∆L) = (1,−1) - all tables from [45, p.5]
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B.3. Renormalization Group Equations

Here we cite the full one-loop RGE for the relevant SMEFT operators. The overall
structure of the dimension-six SMEFT renormalization group equations was presented in
[36]. The Yukawa loop contributions were given in [35] and the Gauge loop contributions
in [4] - from the latter two papers we collect the results and add them here together. The
notation in the papers is the following:

Ċ ≡ 16π2µ
dC

dµ
(B.1)

Ċ ll
prst

= −1

2
[Y †
e Ye]prC

(1)
Hl
st

− 1

2
[Y †
e Ye]stC

(1)
Hl
pr

+
1

2
[Y †
e Ye]prC

(3)
Hl
st

+
1

2
[Y †
e Ye]stC

(3)
Hl
pr

− [Y †
e Ye]srC

(3)
Hl
pt

− [Y †
e Ye]ptC

(3)
Hl
sr

− 1

2
[Y †
e ]sv [Ye]wtC le

prvw
− 1

2
[Y †
e ]pv [Ye]wr C le

stvw

+ γ
(Y )
l
pv

C ll
vrst

+ γ
(Y )
l
sv

C ll
prvt

+ C ll
pvst

γ
(Y )
l
vr

+ C ll
prsv

γ
(Y )
l
vt

(B.2)

+
2

3
g21yhylC

(1)
Hl
st

δpr −
1

6
g22C

(3)
Hl
st

δpr +
1

3
g22C

(3)
Hl
sr

δpt +
1

3
g22C

(3)
Hl
pt

δrs

+
2

3
g21yhylC

(1)
Hl
pr

δst −
1

6
g22C

(3)
Hl
pr

δst +
4

3
g21y

2
l C ll

prww
δst +

4

3
g21y

2
l C ll

stww
δpr +

4

3
g21y

2
l C ll

wwst
δpr

+
4

3
g21y

2
l C ll

wwpr
δst +

2

3
g21y

2
l C ll

pwwr
δst +

2

3
g21y

2
l C ll

swwt
δpr +

2

3
g21y

2
l C ll

wrpw
δst +

2

3
g21y

2
l C ll

wtsw
δpr

− 1

6
g22C ll

pwwr
δst −

1

6
g22C ll

swwt
δpr −

1

6
g22C ll

wrpw
δst −

1

6
g22C ll

wtsw
δpr +

1

3
g22C ll

swwr
δpt

+
1

3
g22C ll

pwwt
δrs +

1

3
g22C ll

wrsw
δpt +

1

3
g22C ll

wtpw
δrs +

4

3
g21NcylyqC

(1)
lq

prww

δst +
4

3
g21NcylyqC

(1)
lq

stww

δpr

− 1

3
g22NcC

(3)
lq

prww

δst −
1

3
g22NcC

(3)
lq

stww

δpr +
2

3
g22NcC

(3)
lq

srww

δpt +
2

3
g22NcC

(3)
lq

ptww

δrs

+
2

3
g21NcylyuC lu

prww
δst +

2

3
g21NcylyuC lu

stww
δpr +

2

3
g21NcydylC ld

prww
δst +

2

3
g21NcydylC ld

stww
δpr

+
2

3
g21yeylC le

prww
δst +

2

3
g21yeylC le

stww
δpr + 6g22 C ll

ptsr
− 3

(︁
g22 − 4y2l g

2
1

)︁
C ll
prst

(B.3)
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Ċ
(3)
Hl
pr

= −1

2
[Y †
e Ye]prCH□ +

1

2
[Y †
e Ye]pt

(︁
3C

(1)
Hl
tr

+ C
(3)
Hl
tr

)︁
+

1

2

(︁
3C

(1)
Hl
pt

+ C
(3)
Hl
pt

)︁
[Y †
e Ye]tr

−
(︁
C ll
ptsr

+ C ll
srpt

)︁
[Ye

†Ye]ts − 2NcC
(3)
lq
prst

[Y †
d Yd + Y †

uYu]ts + 2γ
(Y )
H C

(3)
Hl
pr

+ γ
(Y )
l
pt

C
(3)
Hl
tr

+ C
(3)
Hl
pt

γ
(Y )
l
tr

(B.4)

+
1

6
g22CH□δpr +

2

3
g22C

(3)
Hl
tt

δpr +
2

3
g22NcC

(3)
Hq
tt

δpr +
1

3
g22C

(3)
Hl
pr

+
1

3
g22C ll

pwwr
+

1

3
g22C ll

wrpw
+

2

3
g22NcC

(3)
lq

prww

− 6g22C
(3)
Hl
pr

(B.5)

Ċ le
prst

= [Ye]srξ e
pt
+ [Y †

e ]ptξ
∗
e
rs
− [Y †

e Ye]prCHe
st

+ 2[YeY
†
e ]stC

(1)
Hl
pr

− [Y †
e ]pv [Ye]wr C ee

vtsw
− [Y †

e ]pw [Ye]vr C ee
wtsv

− 2[Y †
e ]pv [Ye]wr C ee

vwst
+ [Y †

e ]pw [Ye]sv C le
vrwt
− [Y †

e ]wt [Ye]sv C ll
pwvr

− [Y †
e ]vt [Ye]sw C ll

pvwr

− 4[Y †
e ]wt [Ye]sv C ll

prvw
+ [Y †

e ]vt [Ye]wr C le
pvsw

+ γ
(Y )
l
pv

C le
vrst

+ γ
(Y )
e
sv

C le
prvt

+ C le
pvst

γ
(Y )
l
vr

+ C le
prsv

γ
(Y )
e
vt

(B.6)

+
4

3
g21yhylCHe

st
δpr +

4

3
g21yeyhC

(1)
Hl
pr

δst +
8

3
g21yeylC ll

prww
δst +

8

3
g21yeylC ll

wwpr
δst +

4

3
g21yeylC ll

pwwr
δst

+
4

3
g21yeylC ll

wrpw
δst +

8

3
g21NcyeyqC

(1)
lq

prww

δst +
8

3
g21NcylyqC qe

wwst
δpr +

4

3
g21y

2
eC le

prww
δst +

8

3
g21y

2
l C le

wwst
δpr

+
4

3
g21NcyeyuC lu

prww
δst +

4

3
g21NcydyeC ld

prww
δst +

4

3
g21NcylyuC eu

stww
δpr +

4

3
g21NcydylC ed

stww
δpr

+
4

3
g21yeylC ee

stww
δpr +

4

3
g21yeylC ee

swwt
δpr +

4

3
g21yeylC ee

wtsw
δpr +

4

3
g21yeylC ee

wwst
δpr − 12ylyeg

2
1C le

prst

(B.7)

For the dimension-seven SMEFT operators, we cite here the results from [43] - the authors
present their results directly in terms of the counterterms that each operator requires at
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one loop, so we collect the respective contributions from all SMEFT operators.

ĊēlllH = +
1

8

{︂(︁
9g21 + 7g22 − 4WH

)︁
CprstēlllH − 8g22

(︁
CprtsēlllH − C

pstr
ēlllH + 2CptsrēlllH

)︁
− 4(Y †

e )pr(Yd)vw
(︁
2CwvstēlllH + CwsvtēlllH + CwstvēlllH − CwtsvēlllH

)︁
− 2
[︂
6(Y †

e Ye)pvC
vrst
ēlllH

+ (YeY
†
e )vr

(︁
CpvstēlllH + 4CpvtsēlllH

)︁
+ 5(YeY

†
e )vsC

prvt
ēlllH − (YeY

†
e )vt

(︁
4CprvsēlllH + 3CprsvēlllH

)︁]︂}︂
− 1

4

{︂
3g21(Y

†
e )pt

(︁
CrslHD1 + CsrlHD1

)︁
− g22

[︂
(Y †
e )pt

(︁
CrslHD1 − CsrlHD1

)︁
− 2(Y †

e )ps
(︁
CrtlHD1 − CtrlHD1

)︁]︂
− 4(Y †

e )prW
1
ts

}︂
− 1

4

{︂
3
(︁
g21 − g22

)︁[︂
(Y †
e )ptC

rs
lHD2 − (Y †

e )ps
(︁
CrtlHD2 − CtrlHD2

)︁]︂
− 4(Y †

e )prW
2
ts

}︂
− 3g21

[︂
(Y †
e )prC

st
lHB + (Y †

e )ptC
rs
lHB − 4(Y †

e )psC
rt
lHB

]︂
+

1

2
g22{︂

(Y †
e )pt

(︁
5CrslHW + CsrlHW

)︁
− 4(Y †

e )ps
(︁
CrtlHW − CtrlHW

)︁}︂
− 3

2
(Y †
e )pr(Yd)vwC

wsvt
d̄lQlH1

− 3

2
(Y †
e )pr(Yd)vw

(︁
Cwsvtd̄lQlH2 − C

wtvs
d̄lQlH2

)︁
Cprst
d̄lQlH2

+ 3(Y †
e )pr(Y

†
u )vwC

wvst
Q̄ullH (B.8)

ĊprleHD =
1

4

[︂(︁
3g21 − 12λ− 6WH

)︁
CprleHD − (YeY

†
e )vpC

vr
leHD − 2(Ye)vr(Y

†
e )wpC

vw
leHD

− 8(Y †
e Ye)vrC

pv
leHD

]︂
− 1

4

{︂
(Ye)vr

[︂(︁
3g21 − 4g22

)︁
CpvlHD1 +

(︁
3g21 + 2g22

)︁
CvplHD1

]︂
−
[︂
(YeY

†
e )vp(Ye)wr

(︁
2CvwlHD1 − CwvlHD1

)︁
+ 4(YeY

†
e Ye)vrC

pv
lHD1

]︂}︂
− 1

16

[︂(︁
13g21 − 17g22 − 8λ

)︁
(Ye)vrC

pv
lHD2 − 4

(︂
5(YeY

†
e Ye)vrC

pv
lHD2

+ (YeY
†
e )vp(Ye)wrC

vw
lHD2

)︂]︂
+ 3(Y †

uYd)vwC
wpvr
leHD (B.9)

69



C. UV Matching

C.1. Irreps

UV scalars, fermions and vectors that contribute to SMEFT operators up to dimension
7 at tree-level in Tab. C.1 [42].

Notation [42] S1 S2 S3 S4 S5 S6 S7 S8

Notation [8] S S1 S2 φ Ξ Ξ1 Θ1 Θ3

Irrep (1,1)0 (1,1)1 (1,1)2 (1,2) 1
2

(1,3)0 (1,3)1 (1,4) 1
2

(1,4) 3
2

Notation [42] S9 S10 S11 S12 S13 S14

Notation [8] ω4 ω1 ω2 Π1 Π7 ζ
Irrep (3,1)− 4

3
(3,1)− 1

3
(3,1) 2

3
(3,2) 1

6
(3,2) 7

6
(3,3)− 1

3

Notation [42] S15 S16 S17 S18 S19

Notation [8] Ω2 Ω1 Ω4 Υ1 Φ
Irrep (6,1)− 2

3
(6,1) 1

3
(6,1) 4

3
(6,3) 1

3
(8,2) 1

2

Notation [42] F1 F2 F3 F4 F5 F6 F7

Notation [8] N Ec ∆c
1 ∆c

3 Σ Σc
1

Irrep (1,1)0 (1,1)1 (1,2) 1
2

(1,2) 3
2

(1,3)0 (1,3)1 (1,4) 1
2

Notation [42] F8 F9 F10 F11 F12 F13 F14

Notation [8] D U Q5 Q1 Q7 T1 T2
Irrep (3,1)− 1

3
(3,1) 2

3
(3,2)− 5

6
(3,2) 1

6
(3,2) 7

6
(3,3)− 1

3
(3,3) 2

3

Notation [42] V1 V2 V3 V4 V5 V6 V7
Notation [8] B B1 L†

3 W U2 U5 Q5

Irrep (1,1)0 (1,1)1 (1,2) 3
2

(1,3)0 (3,1) 2
3

(3,1) 5
3

(3,2)− 5
6

Notation [42] V8 V9 V10 V11 V12 V13 V14
Notation [8] Q1 X Y†

1 Y†
5 G G1 H

Irrep (3,2) 1
6

(3,3) 2
3

(6,2)− 1
6

(6,2) 5
6

(8,1)0 (8,1)1 (8,3)0

Table C.1.: BSM scalars, fermions and vectors that can contribute to operators up to
dimension 7 in SMEFT at tree level. Table(s) from [42], name in the second
row corresponding to [8]. Fermion superscript c if they are conjugated with
each other, Majorana fermions F1 and F5 have parity left, i.e. F = FL =
PLF . Vector superscript † if they are conjugated with each other. Fields
that produce the operators Oll,Ole,O

(1)
Hl ,O

(3)
Hl ,OHe,OleHD,OēlllH relevant

for muon decay are highlighted in gray.
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C.2. SMEFT to UV matching conditions

Cll = −
Df1f2p1llS2

Df4f3p1∗llS2

2M2
S2

+
Df1f2p1llS6

Df4f3p1∗llS6

4M2
S6

−
Df1f3p1
ll†V1

Df2f4p1
ll†V1

2M2
V1

+
Df1f3p1
ll†V4

Df2f4p1
ll†V4

4M2
V4

−
Df1f4p1
ll†V4

Df2f3p1
ll†V4

2M2
V4

+
Df2f1p1llS2

Df4f3p1∗llS2

2M2
S2

+
Df2f1p1llS6

Df4f3p1∗llS6

4M2
S6

(C.1)

Cle =
Df1f3p1
e†eV1

Df2f4p1
ll†V1

M2
V1

−
Df1f2p1
e†lS†

4

Df3f4p1∗
e†lS†

4

2M2
S4

+
Df1f4p1
e†l†V †

3

Df3f2p1∗
e†l†V †

3

M2
V3

(C.2)

C
(1)
Hl = −

iDf1f4p1
ll†V1

Dp1
HH†V1D

M2
V1

+
iDf1f4p1

ll†V1
Dp1∗
HH†V1D

M2
V1

+
Dp1f1F1Hl

Dp1f4∗F1Hl

4M2
F1

−
Dp1f1
F2lH†l

Dp1f4∗
F2lH†l

4M2
F2

+
3Dp1f1F5Hl

Dp1f4∗F5Hl

8M2
F5

−
3Dp1f1

F6lH†l
Dp1f4∗
F6lH†l

8M2
F6

(C.3)

C
(3)
Hl = −

iDf1f4p1
ll†V4

Dp1
HH†V4D

2M2
V4

−
iDf1f4p1

ll†V4
Dp1∗
HH†V4D

2M2
V4

−
Dp1f1F1Hl

Dp1f4∗F1Hl

4M2
F1

−
Dp1f1
F2lH†l

Dp1f4∗
F2lH†l

4M2
F2

+
Dp1f1F5Hl

Dp1f4∗F5Hl

8M2
F5

+
Dp1f1
F6lH†l

Dp1f4∗
F6lH†l

8M2
F6

(C.4)

CHe =
iDf1f4p1

e†eV1
Dp1
HH†V1D

M2
V1

−
iDf1f4p1

e†eV1
Dp1∗
HH†V1D

M2
V1

+
Df1p1
e†F †

3RH
†D

f4p1∗
e†F †

3RH
†

2M2
F3

−
Df1p1
e†F †

4RH
Df4p1∗
e†F †

4RH

2M2
F4

(C.5)
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CleHD = −
yp1f5e Dp2f1F1Hl

Dp2p1F1Hl

2M3
F1

−
yp1f5e Df1p1p2llS6

Cp2
HHS†

6

M4
S6

−
yp1f5e Dp2f1F5Hl

Dp2p1F5Hl

4M3
F5

+
yp1f5e Cp2

HHS†
6

Dp1f1p2llS6

M4
S6

+
2iDf5p1p2eF1V2

Dp1f1F1Hl
Dp2
HHV †

2 D

MF1M
2
V2

−
Df5p1∗
e†F †

3RH
†D

p2p1

F1F
†
3RH
Dp2f1F1Hl

MF1M
2
F3

−
Df5p1∗
e†F †

3RH
†D

p1p2∗
F3LF5H†Dp2f1F5Hl

MF3M
2
F5

+
2iDf5p1∗

e†F †
3RH

†D
p1f1p2∗
F3Ll†V

†
2

Dp2
HHV †

2 D

MF3M
2
V2

−
Df5p1∗
e†F †

3RH
†D

p1p2

F †
3RF5H

Dp2f1F5Hl

2M2
F3
MF5

−
Df5p1∗
e†F †

3RH
†D

p1f1p2

F †
3RlS6

Cp2
HHS†

6

M2
F3
M2
S6

+
Df5p1p2∗
e†F5S

†
6

Dp1f1F5Hl
Cp2
HHS†

6

M2
F5
M2
S6

−
2iDf5f1p1∗

e†l†V †
3

Cp2
HHS†

6

Dp2p1
HS6V

†
3 D

M2
S6
M2
V3

−
4iDf5f1p1∗

e†l†V †
3

Dp2
HHV †

2 D
Cp2p1
HV2V

†
3

M2
V2
M2
V3

(C.6)
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CelllH = −
yf1f2∗e Dp1f3F1Hl

Dp1f4F1Hl

2M3
F1

−
3Df1p1p2

e†F1S
†
2

Df2f3p2llS2
Dp1f4F1Hl

2MF1M
2
S2

+
3Df1p1p2

e†F1S
†
2

Df3f2p2llS2
Dp1f4F1Hl

2MF1M
2
S2

−
Df1f2p1
e†lS†

4

Dp2f4F1Hl
Dp2f3p1F1lS4

MF1M
2
S4

−
yf1f2∗e Dp1f3F5Hl

Dp1f4F5Hl

4M3
F5

−
Df1f4p1
e†lS†

4

Dp2f3F5Hl
Dp2f2p1F5lS4

MF5M
2
S4

+
Df1f3p1
e†lS†

4

Dp2f4F5Hl
Dp2f2p1F5lS4

2MF5M
2
S4

+
Df1f4p1
e†lS†

4

Dp2f2F5Hl
Dp2f3p1F5lS4

2MF5M
2
S4

+
Df1f3p1
e†lS†

4

Dp2f2F5Hl
Dp2f4p1F5lS4

2MF5M
2
S4

+
Df1p1
e†F †

4RH
Dp1f4p2
F4LlS

†
2

Df2f3p2llS2

MF4M
2
S2

+
2Df1f4p1

e†lS†
4

Cp2p1
HS†

2S4
Df2f3p2llS2

M2
S2
M2
S4

−
Df1p1
e†F †

4RH
Dp1f4p2
F4LlS

†
2

Df3f2p2llS2

MF4M
2
S2

−
2Df1f4p1

e†lS†
4

Cp2p1
HS†

2S4
Df3f2p2llS2

M2
S2
M2
S4

+
Df1p1p2
e†F1S

†
2

Dp1f2F1Hl
Df3f4p2llS2

2MF1M
2
S2

−
Df1f2p1
e†lS†

4

Cp2p1
HS†

2S4
Df3f4p2llS2

M2
S2
M2
S4

−
Df1p1p2
e†F1S

†
2

Dp1f2F1Hl
Df4f3p2llS2

2MF1M
2
S2

+
Df1f2p1
e†lS†

4

Cp2p1
HS†

2S4
Df4f3p2llS2

M2
S2
M2
S4

−
Df1p1
e†F †

4RH
Dp1f4p2
F4LlS

†
6

Df2f3p2llS6

2MF4M
2
S6

−
3Df1p1p2

e†F5S
†
6

Dp1f4F5Hl
Df2f3p2llS6

4MF5M
2
S6

−
Df1f4p1
e†lS†

4

Cp1p2
HS4S

†
6
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