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Abstract

How would a heavy new field from beyond the Standard Model leave its imprint on a
process like muon decay that occurs well below the electroweak scale? In order to bridge
the energy regimes and investigate the traces of new physics within the phenomenology of
muon decay, we perturb the Michel parameters in the presence of Low Energy Effective
Field Theory (LEFT) operators. To infer their UV origin, we collect the matching
Standard Model Effective Field Theory (SMEFT) operators at dimension six and seven.
Finally, we open them up and ask: Which possible Beyond Standard Model (BSM) fields
could produce them? Focusing on two specific BSM fields — a scalar doublet and a vector
singlet — we derive the constraints imposed by precision measurements of muon decay.
This approach synthesizes experimental data and effective field theory matching into a
comprehensive exploration of energy regimes and theoretical layers.

Zusammenfassung

Wie wiirde sich die Erweiterung des Standardmodells um schwere neue Felder auf einen
Prozess wie den Myonenzerfall auswirken, welcher in einem Energiebereich weit unter-
halb der elektroschwachen Skala stattfindet? Um die Energiebereiche miteinander zu
verbinden und die méglichen Spuren Neuer Physik in der Phdnomenologie des Myonen-
zerfalls zu untersuchen, fiihren wir Stérungen der Michelparameter durch Low Energy
Effective Field Theory (LEFT) Operatoren ein. Um den Ursprung dieser effektiven Op-
eratoren im UV-Bereich zu finden, tragen wir zunéchst die dazugehorigen Operatoren
der Standard Model Effective Field Theory (SMEFT) der Dimensionen sechs und sieben
zusammen. Abschliefsend 16sen wir diese Operatoren in mogliche UV-Freiheitsgrade auf
und fragen: Welche Felder jenseits des Standardmodells kénnten sie erzeugen? Mit beson-
derem Fokus auf zwei spezifische neue Felder — ein skalares Dublett und ein Vektorsin-
gulett — leiten wir die Massebeschrankungen her, die sich aus Prézisionsmessungen des
Myonzerfalls ergeben. Dieser Ansatz verbindet experimentelle Daten mit dem Matching
effektiver Feldtheorien und ermdéglicht so eine umfassende Untersuchung verschiedener
Energiebereiche und theoretischer Beschreibungsebenen.
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1. Introduction

The true is the whole. However, the whole is only the essence completing itself through
its own development.

G.W.F Hegel: Phenomenology of Spirit |30, p.11]

The muon was not welcomed quite enthusiastically by particle physicists when it made
its first appearance in cloud chamber experiments in the 1930s [49]: “Who ordered that?”
was Isidor Rabi’s famous reaction to the strange new particle [7], encapturing the dis-
orientation of a scientific community who firmly believed matter to consist of electrons,
neutrons and protons. The muon fits nowhere in this scheme: Sharing all its properties
with the electron except having a mass 200 times higher, the muon seems to be basically
a heavy copy of the electron. Clearly the arrival of the mysterious sibling raised more
questions than it answered.

But soon the muon took its place at the very heart of particle research, acting as a
messenger for a plethora of unknown physics. Being only short-lived itself and quickly
decaying into an electron, it is the spectrum of the latter that provides the main subject
for examination. As the produced electron varies both in energy and momentum at each
decay instance, it follows that two more particles are being produced which carry away
the missing quantities |[53]. Those particles were soon identified as neutrinos and in the
Brookhaven experiment [16] shown to exhibit the same sibling-like relation as the muon
and the electron — thus introducing the fundamental idea of the Standard Model that
all matter particles exist as generations. But beyond that, the electron spectrum can be
turned into a systematic probe of the underlying interaction with the parametrization
that Louis Michel introduced [47]: The shape of the isotropic and anisotropic parts of
the the electron spectrum can be described by multiple Michel parameters and were a
cornerstone for establishing the vector-axial nature of weak theory [54} 24]. So overall
muon decay has served for many decades as almost a kind of Rosetta stone for particle
physics. But — has its translative potential truly been exhausted yet?

The apparently local interaction governing muon decay was eventually understood as the
low-energy limit of a W boson mediation. Invisible at the energy scale of muon decay, the
heavy W boson becomes a dynamic degree of freedom only in the high-energy regime such
as in particle colliders |5}, 6] — but leaves an imprint on the low-energy regime: Its mass
for example determines the decay rate of the muon. Could there be other heavy particles
veiled in a similar fashion? In order to bridge the energy regimes and systematically probe



for new physics, we perturb the standard set of Michel parameters p,n, 7", d,&, &', £", %/, %
and the Fermi constant Gp with Low Energy Effective Field Theory (LEFT) operators.
By matching them at the electroweak scale onto the Standard Model Effective Field
Theory (SMEFT) we trace the perturbations upward on the energy scale. At the scale
of new physics we open up the SMEFT operators and ask: Which heavy new fields could
produce them? This approach allows us to systematically collect all Beyond the Standard
Model (BSM) fields which at tree-level produce effective operators that perturb muon
decay. The experimental values of the Michel parameters can then be translated into
boundaries for the masses of heavy new fields. In this way we hold yet another reading
of the Rosetta stone that is muon decay and explore whether it has really revealed all of

its secrets already.

The structure of the thesis is as follows: The second chapter revolves around the Michel
parameters of muon decay, whereby we first briefly introduce the Standard Model and
its effective description of muon decay. Subsequently the parameters themselves are
introduced and how they shed light on the underlying interaction of muon decay. We
end the chapter with a discussion of the observational values for the Michel parameters
and how to appropriately account for their correlations.

In Chapter three the LEFT is introduced and we show how the presence of LEFT opera-
tors perturbs the Michel parameters. We present our calculations for the case of SM-like
neutrino output and the full four-fermion results. This allows us to present constraints for
various LEFT operators of dimension six. Finally the Renormalization Group Equations
are applied to evolve the LEFT operators up to the electroweak scale.

As we reach the electroweak scale in chapter four, we are ready to delve into the Stan-
dard Model Effective Field Theory (SMEFT). After a brief introduction we match our
LEFT operators of dimension six to SMEFT operators of dimensions six and seven. By
employing the Renormalization Group Equations we translate the LEFT boundaries to
SMEFT boundaries both at the EW scale and at the scale of new physics.

At the energy scale of new physics in chapter five we use the complete tree-level dictionary
for BSM fields to SMEFT operators up to dimension seven to collect the possible UV
origins for our set of SMEFT operators.

In chapter six we present our results: The constraints for a charged electroweak scalar
doublet and a correlated neutral vector mediator which produces multiple LEFT oper-
ators that perturb muon decay are derived. We discuss the effects that an extension of
the SM by each of the heavy particles would have and compare our constraints to the
literature.

The outlook in chapter seven gives us the opportunity to reflect on the directive of our
investigation. Starting from the low-energy regime and the experimental data for muon
decay, our approach is effectively bottom-up: We expand the theoretical space of muon
decay and trace the perturbations upwards. This contradicts the implicit assumption
of many studies that a concrete UV model is the right starting point for investigation,



because it represent the actual objective of particle research: The “true” UV-complete

Lagrangian, which encompasses the “whole” phenomenology of particle physics.

But

theoretical layers and experimental data sets stretch out a far more complex and dynam-
ical space than a top-down system. For the course of this thesis we consequently place
more emphasis on the movement within the energy scale and between operator bases
— through renormalization group equations and matching conditions — than on the UV

models themselves.

1.1. Notation

We use the following notation:

S 3o

Q

my

Wilson coefficients of the LEFT

Wilson coefficients of the SMEFT
Operators of the LEFT or the SMEFT
Lepton doublet

VEV

UV scalars

UV fermions

UV vectors

Muon momentum

Muon mass

Electron momentum

Electron energy

Electron mass

Neutrino momenta



2. Muon decay in the Standard Model

We briefly introduce the Standard Model (SM) of particle physics — its gauge symmetry,
field contents and Lagrangian density. For muon decay, however, we do not need the full
SM: At the energy scale of the muon mass, the W boson is not a dynamical degree of
freedom and can be intergrated out. The effective theory obtained this way resembles
the historical four-Fermi theory and we use it to derive the decay width for muon decay.

Figure 2.1.: Muon decay in the Standard Model

2.1. The Standard Model

The fundamental structuring principle for the Standard Model is its local gauge symmetry

group:
SU(3)C X SU(Q)L X U(l)y (2.1)

The first subgroup SU(3)¢ defines quantum chromodynamics, the theory of strong in-
teractions governing quarks by means of 8 massless gluons. The other two subgroups
SU(2)r x U(1)y jointly represents the unified electroweak sector. The three generations
of left-handed lepton fields [ and quark fields ¢ transform as doublets under SU(2)z,
whereas the right-handed lepton e, up-type quark « and down-type quark d transform
as singlets. The gauge bosons of SU(2), thus couple exclusively to left-handed fermions,
rendering electroweak theory chiral. The completing building block of the SM is the
Higgs doublet H. After it acquires a vacuum expectation value (VEV) at an energy of
v & 246 GeV it no longer transforms as a SU(2) 1, doublet but as a singlet — and the three



remaining degrees of freedom are absorbed by three vector bosons obtaining a mass. The
Higgs VEV thus defines the electroweak scale, below which the SU(2);, x U(1)y sym-
metry group is broken and only the electromagnetic U(1)en, symmetry applies. Above
the electroweak scale the entire symmetry group SU(2)r, x U(1)y applies and the full
Lagrangian density is constructed as a renormalizable and gauge invariant theory:

1 A ~Apv 1 I Tuv 1 v T A
Lou = =G, GM = S W, W — By, B + (D H )(D“H)+w XZ: dwlbw
:q7 7e7u7

1 .\2 _ . .
Y (HTH - 21;2) — [HTﬂde ¢+ H99Y,Q; + HUeY, l; + h.c.] (2.2)

The gauge covariant derivative is:
Dy, = 0, +igsTH AL + Ligao' W) + i1y B, (2.3)

Here, T4 are the SU(3)¢ generators, the Pauli matrices o/ generate SU(2)r, and y
is the U(1)y hypercharge generator. The fermion fields have weak-eigenstate indices
r=1,...,3 and the Yukawa couplings are 3 x 3 matrices. H is defined by

H; = e HF (2.4)

Here, an SU(2) invariant tensor € is defined by €12 = 1 and €, = —€gj, j, k = 1,2.

As we mentioned, the vacuum of the Higgs is invariant under the electromagnetic gen-
erator Q = T3 +y, but not under the remaining generators of SU(2)r x U(1)y. The
electroweak symmetry is therefore spontaneously broken according to:

SU(?)L X U(l)y — U(l)em (2.5)

In unitary gauge, the Higgs doublet can be written as:

It is useful at this point to introduce the gauge fields of the broken phase. The charged

fields are defined by:
1

+ 1 172
Wy = 7 (W, FiW}) (2.7)
The two neutral gauge fields mix according to:
Z,, = cos Oy Wi’ — sin Oy By, (2.8)

A, = sin Oy Wg’ + cos O By (2.9)



The rotation into the physical fields is in terms of the weak mixing angle Oy :

tan by = g sin Oy = N cos Oy = N (2.10)
92 Vi + 95 NGRS
Substituting the Higgs VEV of Eq. into the Higgs kinetic term in gives:
2,2 2
(D H) (D"H) > %ij—u n % (92W2 — 91B,.)° (2.11)
= my W, W+ + %mQZZHZ“, (2.12)

So the mass of the W boson is set by the Higgs VEV and experimentally measured as
80.3692(133) GeV [48| — three order of magnitudes higher than the mass of the muon,
which resides at 105.6583755(23) MeV |48| and which is why we are permitted to integrate
the W boson out of the description of muon decay, as we will now see.

2.2. Weak interactions and leptonic currents

We wish to find a description for muon decay in the SM, whereby we will use the following
momenta convention:

W (q) = ve(k1) + vu(k2) + e (p) (2.13)

From the fermion sector of the SM Lagrangian [2.2] we can derive the interaction term of
the lepton doublet with the SU(2);, gauge bosons:

int

L@ = ligt Ligao Wi (2.14)

We expand the product of the Pauli matrices and the weak gauge fields and rotate the
latter to their physical, charged fields according to Eq. We then find the following
interaction terms (dropping flavor indices):

£50@e % <_L’)/“WEI/L — ey Wier + V209" Wler + \/§éL’7MWM_I/L> (2.15)
We see that two interactions v/2€ LYW, vr, allow us to describe muon decay as mediated
by a W~ boson (see fig. . The full invariant amplitude can the be derived by applying

Feynman rules, notably inserting two vertex factors i%’y“PL and the W~ propagator

—1 (gw, — ’:;‘ét’) / (k:2 — m%v)_l, and setting the spinor momenta according to [2.13

N kuku
—WN\Guv — m‘%‘/ [

2_ 2
k miy

iM= {ﬂ(kl)(i%’Y“PL)U(Q)} a(p) (i%’y"PL)u(kg)} (2.16)



The momentum k of the W~ boson relates to the momenta of the interacting leptons by
k = q — k1 = ko 4+ p — but since the momentum exchange is very small compared to the
W boson mass, we can expand the propagator:

) (5
s R+ 0 — (2.17)
k2 —m3, miy, myy,

Substituting this simplified propagator back into the amplitude yields:

2

M = _255%[/ [a (k)Y Pru(q)][a(p)yu Pru(ks)] (2.18)

This result resembles the theory that Fermi presented in 1934 for beta decay [22| where
he conceptualized the process by a four-fermion vector-vector interaction Hamiltonian.
He already speculated about a heavy, undiscovered mechanism and gave an account of
the decay as an approximated local interaction between the two weak currents. In order
to connect his theory with the SM and frame it as a low energy limit of a UV complete
Lagrangian we are adjusting Fermi’s approach to modern terminology, namely by writing
it as an interaction term of two charged currents in a Lagrangian:

—4GF _ _ _ _
Lig = ﬂF (9" Prve + By* Povy) [Pevu Pre + 2y, Pri) (2.19)

The coupling constant G of this interaction has a factor % to appropriately connect
this direct coupling to the SM parameters, as we will see soon. The IR Lagrangian gives
as a Feynman rule the four-fermion vertex —i%[fy“PL]ab [, PL]ca where abed are Dirac
indices of the respective spinor pairs. Contracting the vertex with the four particles of
muon decay gives the amplitude:

AGp . _ _
M= —Tj[uwl)fy%u@][u(pmmwm (2.20)
We see that the IR Lagrangian and the SM Lagrangian in the large my, limit produce
the same amplitude for muon decay if:

4G 3 292
e B g *[5272 (2.21)
V2 2myy, 8myy,

In order to make the connection between the the two theories precise we will now give
an account of how to generally integrate out heavy fields from the Lagrangian and how
to apply the technique to the W~ boson.

10



Figure 2.2.: The four-fermion contact interaction

2.3. Integrating out heavy fields

In the path integral formulation, the dynamics of a system are captured by the generating
functional, which integrates over all possible field configurations. For a theory containing
both light fields, denoted collectively as ¢, and a heavy field ® with mass M > E (where
E is the typical energy scale of the physical processes under consideration), the effective
action Seg[¢] for the light degrees of freedom is formally defined by integrating out the
heavy field |19]:

piSerlo] _ / D ¢iS6,9] (2.22)

If the heavy field ® appears strictly quadratically in the action — for instance, interacting
with a current J(¢) composed of light fields via an interaction term J® — the path integral
is exactly solvable. It reduces to a multi-dimensional Gaussian integral. By shifting the
integration variable to complete the square, the heavy field can be analytically integrated
out, resulting in a non-local effective action. At low energies (p?> < M?), the heavy
propagator 1/(p? — M?) collapses to a point-like contact interaction —1/M?, generating
the local operators of the effective field theory.

However, if the heavy field possesses self-interactions or couples non-linearly, the path
integral cannot be evaluated exactly. Instead, one employs the saddle-point approxima-
tion [31]. In the low-energy limit, the path integral is overwhelmingly dominated by the
field configuration that minimizes the action. We expand the heavy field around this
classical stationary configuration ®.:

O=3,+17 (2.23)

Here, n represents quantum fluctuations, and ®. is the solution to the Euler-Lagrange
Equation of Motion (EOM), defined by:

35[¢, @] _
T |y 0 (2.24)

11



Expanding the action around &, yields:

1 628

Sl6, @] = S[6, 2] + 5 5| 0+ OW) (2.25)

Notably, the linear term in n vanishes by definition of the EOM. The integration over the
quadratic quantum fluctuations 7 generates a functional determinant, which corresponds
to one-loop quantum corrections. If we restrict our matching procedure strictly to tree-
level, these loop corrections are neglected. The effective action simply becomes the
original action evaluated at the classical minimum:

Seit (6] = S[o, @] (2.26)

Therefore, replacing a heavy mediator with its classical equation of motion and substi-
tuting it back into the Lagrangian evaluates the path integral at the tree-level saddle
point. We now perform this calculation for the W in order to derive the IR Lagrangian
appropriate for muon decay. To this end we first isolate the terms in the electroweak
Lagranigan that contain the W* boson:

1 o g .
Lo D =5 Wb W 4 miy W W — 7 (J“W# + J“TW/f) (2.27)

The current J* is that of Eq. containing only the first and second generation of
leptons:
JH = ey Prye + py" Pryy, (2.28)

To find the EOM we apply the Euler-Lagrange equation:

B WS (2:29)
ow,, (0Wy)
This gives:
g v

The derivative of W, corresponds to the momentum p and the term can therefore be

neglected in the low energy limit, i.e. # ~ r%:/ ~ 0. We therefore have:
Wt~ 9w (2.31)
. .

ﬂm%,v

Substituting this back into the Lagrangian [2.27] gives the familiar charged current inter-
action of Eq.

2
g
LR = — JH T, (2.32)
Zm%,v
So this Lagrangian is an adequate description at E = m,, = 105.6583755(23) MeV, which
three orders of magnitudes below myy = 80.3692(133) GeV [48].

12



Systematically constructing an whole Effective Field Theory (EFT) from a UV complete
theory by integrating out the heavy degree of freedom represents an example of a top-
down approach to EFTs: Starting from a full theory valid in the high energy limit, in
this case the SM Lagrangian, one derives the appropriate effective theory for the low
energy limit. By requiring the amplitudes in both theories to agree in a certain energy
regime, one matches the couplings of the effective theory, called Wilson coefficients, to
the UV complete theory. The four-Fermi theory, on the other hand, historically started
from the opposite direction: Without knowledge of the SM and the underlying heavy
mechanism it gave an adequate description for weak interactions starting from scratch,
namely directly from the known, interacting fields. Experimental evaluation then allowed
for constraining the effective couplings. For the course of this work both methods are
applied to some extent but the overall directive is a bottom-up approach: Starting from
the phenomenology of muon decay well below the electroweak scale we investigate possible
UV origins. In the next section we see how to to determine Fermi’s constant from the
total decay width - the kinematic space of the electron is, however, far more complex
and in the following section we get acquainted with the Michel parameters that form its
foundation. The p parameter, for example, brings to light the V-A nature of the weak
interaction, as we will briefly show.

2.4. Effective Field Theories

Effective Field Theory (EFT) is the idea that physics is separated by scales — or more
precisely it is a set of ideas that justify why this separation works [10]. Notably the
Standard Model (SM) has been validated up to LHC energies despite not being well-
defined in the UV regime due to Landau poles in the electroweak sector. Renormalization
works by regularizing the short-distance physics and absorbing the effects in low energy
effective parameters — see the detailed discussion in chapter 4 of [10] for how dimensional
regularization and the MS scheme correspond to a systematic removal of UV physics
which is the key principle of an EFT. The Lagrangian is then constructed as combining
the IR physics as a local, analytical operator expansion with the UV physics controlling
the corresponding Wilson coefficients.

Lgpr ~ Z LY () OF™ (p) (2.33)

The first two “prime directives” of EFTs are thus in [10] summarized as:
1. determine a characteristic scale in observables

2. construct the Lagrangian out of the degrees of freedom, i.e. the propagating on-
shell states

Starting from the SM two characteristic scales directly come to mind: The scale of
electroweak symmetry breaking dictated by the Higgs VEV v and the scale of heavy new

13



physics A. Depending on how one assumes heavy new physics to relate to the Higgs
mechanism two EFTs can be set up by the scale A:

1. if one assumes the Higgs to enter the EFT in the form of its scalar doublet H, the
full SM field content above the EW scale is used to construct the Standard Model
Effective Field Theory (SMEFT).

2. the Higgs Effective Field Theory (HEFT) instead treats the physical Higgs and
the Goldstone bosons separatedly. The framework can be described as a chiral
Lagrangian with a light scalar h, organized by a loop/chiral expansion rather than
by canonical dimension [12].

While the HEFT might be more general and appropriate for non-linear UV models, the
SMEFT is in our case the more restrictive and diagnostic tool: As its operators adhere
to the full SU(3)¢c x SU(2)r, x U(1)y gauge group one can systematically derive all UV
representations that would generate specific operators — rendering the SMEFT a powerful
mode of investigation in the bottom-up spirit [41].

The scale v on the other hand separates the IR regime from the full SM and allows
expanding the physics above the EW scale by Wilson coefficients divided by powers of v
and the effects of UV physics by powers of A. We will first introduce the LEFT in Ch. [3]
and subsequently the SMEFT in Ch. [4]

2.5. Total decay width

We want to derive the total decay width for muon decay from the amplitude of four-Fermi

theory:
M= _455[u<k1wPLu<q>J[u(p)vuPLuwz)] (2.34)

If the spins of the outgoing particles are not measured, the expectation value of the
squared amplitude is the following spin sum:

(M) = IMP (2.35)

spins

Squaring the amplitude, we obtain:

\Mr2=( g ) (k)" Pru(@)|fa(p) Pru2)]

2m2, (2.36)
x [@(k1)v" Pru(@)]” [u(p)yu Pru(2)]”

14



A detailed derivation can be found in [27] - by applying the completeness theorem for
the spin sums and trace identities, the amplitude evaluates to:

4
(M) =2 (MQW) (a-ks)(hka - p) (2.37)

The decay rate is calculated by applying Fermi’s Golden Rule:

d°r 1 1 d®ky ks
93— (5 _ _ _ 9
Bp = @rypamE, | 28 28, @R k= (M) (2.38)

The neutrino phase space is evaluated using the following identity |51} p.308]:
d3py d3p3 s
SRR s@0—p, — o T 2B 1200208 2.39
/ 2F, 2Fs (Q — p2 — p3)P5p3 24(9 Q°+2Q°Q") (2.39)

Integrating over all electron momenta gives in the m, — 0 limit the total decay width:

GszE’
I = 1927T§‘ (2.40)

Current experiments determine G to the value |48]:

Grsy = 1.166 385(6) x 107> GeV 2 (2.41)

2.6. The Michel parameters

In his work from 1950 [47], Michel set up the most general Lorentz-invariant Hamiltonian
in order to analyze the kinematics of four-fermion interactions:

Hig50 = z: 9i(el ) (W Tity) + hc. (2.42)

i=S,V,T,A,P

Because he did not consider the possibility that such an interaction might violate parity,
his Hamiltonian only couples currents of the same kind — scalar, vector, tensor, axial
and pseudo — to each other, resulting in a overall parity-conserving expression. There
are thus 5 coupling constants g; that define his four-fermion theory. Critically, however,
Michel realized that the exact weights of the five different interaction types in the overall
expression only alter the energy spectrum by a single constant. This is because the
neutrinos are not observed and integrated over. When evaluating the squared amplitude
|M|? one first obtains a product of two traces: One for the electron-muon line and one
for the neutrino line, the latter containing the neutrino momenta k1, ko - integrating over

15



the neutrino phase space thus amounts to solving the following integral:

d3ky d®ks
190 = | S22 2268Q — ky — ko) kKD 2.43
| S St Q ~ b~ ki, (2.3
By pure Lorentz invariance, this can only depend on the total transferred momentum

@ = q—p and the only two rank-two tensors one can build out of () are the metric tensor
¢*? and the product Q*Q”:

1°P = A(Q*) g™ + B(QH)Q*Q” (2.44)

Because the neutrinos are considered to be massless, dimensional analysis and Lorentz
invariance fix A(Q?) o« ¢g*? and B(Q?) « 1. If one contracts the neutrino tensor with
the muon-electron trace, which is built of g, and p,, scalars of the following kind can be
formed:

Q2 = (qM - pe)2 ~ mi —2myE. (2.45)
Q- pe= (Q,u — De) * Pe X myFEe (2.47)

Every single invariant is simply linear function of the elctron energy F. and because of
the phase space factor E2dE, the differential decay rate dI'/dFE, is a polynomial in E?
and E3. Thus a single parameter suffices to describe the relative weight between the
quadratic and cubic terms and thus the shape of the spectrum — the original Michel
parameter p. Expressed in terms of the dimensionless variable z = E/W with W the
maximum electron energy, the spectrum can be written as:

P(x)dx oc 2 [3(1 —x)+2p <§x — 1” da (2.48)

Current global data gives for the p parameter:
p = 0.74979 + 0.00026 (2.49)
This implies the interaction to consist of vector and axial vector terms:

39% + 397 + 692

p= (2.50)
9% + g% + 4g% + 4g% + 692
For Ly = —La4 = 1 this gives p = %. However, from the experimental value of the p

parameter the exact ratio of the V' and A term or whether axial and vector current mix
to form a parity-violating term can not be deduced. A paradigm shift took place in 1956
when Lee and Yang, in order to explain the § — 7 puzzle |39|, suggested that the weak
force might violate parity — a breakthrough idea, which was experimentally tested a year
later by Chien-Shiung Wu [56]: She confirmed that the electrons in Cobalt-60 decay are
emitted preferentially in the direction opposite to the nuclear spin. In the phenomenology
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of muon decay parity violation generates an anisotropic part in the electron spectrum. If
one measures the polarization of the decaying muon and the angle by which the electron
is emitted relative to that polarization the probability is not distributed isotropically at
all: The electron is most likely to be ejected in the exact opposite direction to the muon’s
polarization. And this clearly violates parity, since mirroring of the experiment would
leave the polarization invariant but spatially reverse the electron momentum.

In 1957, two groups (Bouchiat & Michel [9] and, independently, Kinoshita & Sirlin 37,
38|) expanded the formalism to match the new chiral reality and introduced additional
parameters for the anisotropic part of the spectrum. The parameter £ measures parity
violation and ¢ is again a shape parameter for the anisotropic part of the spectrum.

% gP cos 6 2(]_— )—|—26 % -1 (251)
dxdcos 8 xSt B v 356 .

As one can see, the peak of the differential decay width is located at § = 180°, the
direction opposite to the muon polarization vector. The SM predicts & = 1, maximal
parity violation, and § = %, which means the shape of the anisotropic spectrum is also
V-A-like. Both SM predictions are supported by current data [48]:

P& = 1.0009 = 0.0012 (2.52)
£P,6/p = 1.00179 + 0.00114 (2.53)

Both groups also introduced a parameter 7 to account for the finite electron mass shaping
the low-energy end of the spectrum. It reflects the interference of scalar and tensor terms,
which can only produce a non-zero term in the amplitude via mass insertion. As the
Standard Model neither has tensor nor scalar interaction terms, it predicts 7 to be zero,
which current experimental data supports [48]:

n = 0.057 + 0.034 (2.54)

The full spectrum of the electron, when the muon’s polarization and the electron’s mo-
mentum direction relative to it are measured (but not the spin of the electron), thus has
the following form:

a2r My a2 5 4 , ,
Todoosd :4—7T3W Gpm |:2£C(1 —z)+ §p(4x — 3z — )
2
+ 2nzo(l — ) — ggPM cos 9@([1 _ .73] (255)

+ %5 (42 —3) + ((1 - a2t — 1)] )}

If the spin of the electron is also measured, additional Michel parameters can be defined:
¢, ¢ 0", /A, and §'/A, whereby A is an overall normalization factor and not inde-
pendently determined. In order to account for the elctron spin dependence, we extend
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the parameterization of the differential decay rate as in [4§]:

d’T My a2 [ o 2 FLp
m = RW GF xTe — Ty |:F[S((L') —PMCOSQFAS((L’)‘FC‘PB(.T,H)} ) (256)

The unit vector CA defines the direction along which the electron polarization, ]36, is an-
alyzed. From a theory perspective, we choose é such that it projects the polarization
onto a specific axis, such as longitudinal or transverse polarizations. The isotropic and
anisotropic distributions correspond to those defined in Eq. — the factor of 2 differ-
ence relative to Eq. [2.55]is because we no longer sum over the electron spin states.

Frs(z) = z(1—x)+ %p(4x2 — 32— 23) + nro(l — 2), (2.57)

Fas(z) = §~ [22 22 [(1 o)+ §5 <[4:z: 34 [m _ 1] )} . (258)

The additional electron spin dependent terms follow from expanding the electron spin
dependence as ]36(:15,9) = Pp 21 + Pp,29 + Pr23. The direction 23 is chosen along
the electron momentum, Z; lies in the decay plane and is transverse to the electron
momentum, and Zo is orthogonal to both #; and Z3. The kinematics are outlined in
further detail in appendix [A] and specifically our method for projecting out each Michel
parameter is discussed in appendix [A:2] With this choice, the polarization components
are given by:

py, =TSt [—2 <§” +12 [p - i]) (1 - z)z0

12
—3n (2* — 2d) + 1" (=327 + 4z — z}) ] (2.59)
P, sinf o e
Pp, =—% ; 12 — 23 {314(1 —x)+ 22 1-— x%] (2.60)
Pr, = — Fip(x) + P, cos0Fsp(x) (2.61)

Fip(z) :\/a? [95’ <—2a: +2+ m>
+4< <5 - i) <4x —4+ MH (2.62)

Fap(x) :% [5” (227 — 2 — 2f) + 4 <p - i) (42% — 3z — x§) + 21" (1 — x)xg] (2.63)
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These different contributions can be qualitatively understood as follows:

e The longitudinal polarization, Pr, corresponds to alignment of the electron mo-
mentum with its polarization. The corresponding contributions in addition to the
usual Michel parameters are £, £”, and . These terms also include contributions
from p and ¢ as defined above.

e The transverse polarization Pr, lies in the decay plane. It receives contributions
from &” and 7’ along with contributions from the previously defined p and 7. It
includes angular dependence in the form of sin 6.

e The transverse polarization Pp, is perpendicular to the decay plane. It is T-odd
and therefore sensitive to time-reversal violating effects, we will see in the LEFT
interpretation its only contributions (at leading order) come from operators that
don’t conserve lepton number. It also includes angular dependence of the form sin 6.
The parameters o//A and '/A are constrained by considering this kinematical
region. We treat o/ /A and §’/A as independent variables, not ratios. Their labeling
as ratios comes from a different, but equivalent treatment of the Michel parameters.

In the SM we have for these extended Michel parameters, n” = 0, ¢ = ¢’ = 1, and
o/ JA=pB'/A=0.

The Michel parameters lay the phenomenological foundation for the inquiry of this the-
sis: How would heavy fields from beyond the SM affect them? Expressing the Michel
parameters in terms of SPVAT couplings as for p in Eq. possesses inherent the-
oretical limitations. The SPVAT Lagrangian is constructed essentially as an ad hoc,
bottom-up classification of the Lorentz-invariant four-fermion interactions. It does not
systematically incorporate the underlying gauge structure of the SM, nor does it pro-
vide a framework for consistently evolving the couplings up to the high-energy matching
scale. In order to systematically probe for new physics within muon decay, a more mod-
ern theoretical architecture is required: Low-Energy Effective Field Theory (LEFT). We
will introduce it in the next chapter and spend the last section of this section with a
discussion of the experimental Michel parameter values.

2.7. Experimental Michel-parameter likelihood

The experimental Michel-parameter inputs are not treated as a set of independent one-
dimensional Gaussian measurements. Instead, we divide them into experimental likeli-
hood blocks:

O — 75, P7r EB , //7 a/ A, / A @ !/ EB 1
i = (0,0, Pi&) @ (n,1",0' /A, B'/A) © € 3
TWIST Danneberg Burkard  Prieels

(2.64)

The different experimental blocks are assumed to be mutually independent, whereas the
correlations within each block are retained.
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TWIST block For the TWIST measurement, we use the following native parameter
basis |32} |14]:
P 0.74977
Of\visT = 4] = | 0.75049 (2.65)
PreE exp 1.00084

with uncertainties

p = 0.74977 £ 0.000124¢a1 & 0.00023 5y (2.66)
& = 0.75049 + 0.00021 a4 + 0.00027yst (2.67)
PT¢ = 1.00084 £ 0.00029tat 70 0000asyst (2.68)

The reported correlation matrix, in the ordering (p, 0, Pr 5), is

1 019 021
Rrwist= (019 1 —0.72 (2.69)
021 —072 1

In a symmetrized Gaussian approximation, the covariance matrix is constructed as:

Vrwist = Drwist Rrwist DTwist (2.70)

where

Drwist = diag (\/(0.00012)2 + (0.00023)2, 1/(0.00021)2 + (0.00027)2, ap;rg) . (2.71)

For a symmetric treatment of the uncertainty on P7{, we symmetrize in quadrature:

001 . 2
0.00 65+000063> 2.72)

Opre \/(0.00029)2 + < 5

Danneberg block For the transverse-polarization measurement, we use the following
general four-parameter fit [17]:

n 0.071
"
exp __ n _ 0.105
Oo"=1aal = | -00034 (2.73)
/4], \~0.0005

After combining statistical and systematic uncertainties in quadrature, the standard-
deviation matrix is:

Dp = diag (0.03734, 0.05235, 0.02186, 0.00800) (2.74)
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The corresponding correlation matrix, in the ordering (n,7n”, &/ /A, 5'/A), is:

1 0946 0 0
0.946 1 0 0
Bp=1" 0 1 ~0.893 (2.75)

0 0 —0.893 1

The covariance matrix is therefore:

Vb = Dp Rp Dp (2.76)
Or numerically:
1.394 x 10—2 1.849 x 10—2 0 0
Vb = 1.8495 . 2.7415 " 4.779?< 104 —1.5620>< 1074 (2.77)
0 0 —1.562 x 107*  6.400 x 107

Consequently, n and 1 must not be treated as statistically independent and neither o’ /A
and 3'/A — indeed both pairs are separately strongly correlated.

Single-observable blocks The remaining polarization observables are included as inde-
pendent one-dimensional blocks [15] |50]:

¢ =0.998 £ 0.045, (2.78)
¢" = 0.981 £ 0.0455tat £ 0.003gys; ~ 0.981 £ 0.0451 (2.79)

No covariance between these measurements and the TWIST or Danneberg datasets is
available.
Combined likelihood The total experimental covariance is approximated by:

Vesp = Viwist ® Vb @ 03 @ 0 (2.80)

For a vector of LEFT Wilson coefficients L, the corresponding contribution to the like-
lihood is:

T
Wiaa(L) =Y [08(D) - 057 v, [0 (L) - 05
b
b e {TWIST,D, ¢, ¢"} (2.81)

The quantities involving PJ are measured as polarization products. Setting P7 = 1
is therefore an additional phenomenological assumption rather than part of the exper-
imental measurement. Furthermore, the Michel shape and polarization parameters do
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Observable Experimental value SM value Source

P 0.74977 + 0.00026  3/4 TWIST [32]

0 0.75049 £+ 0.00034  3/4 TWIST [32]

Pre 1.0008475-00068 1 TWIST [14]

n 0.071 £0.0373 0 Danneberg et al. [17]
n" 0.105 £ 0.0523 0 Danneberg et al. [17]
o JA —0.0034 £0.0219 0 Danneberg et al. [17]
p'/A —0.0005 £ 0.0080 0 Danneberg et al. [17]
& 0.998 £ 0.045 1 Burkard et al. |15]
&’ 0.981 £ 0.0451 1 Prieels et al. [50]

Table 2.1.: Experiment-level Michel-parameter inputs entering the likelihood. Statisti-
cal and systematic uncertainties are combined in quadrature, except that the
asymmetric uncertainty on P7¢ is retained. These values should be distin-
guished from the PDG averages quoted elsewhere in the text.

not constrain the overall normalization of the muon-decay amplitude. If normalization-
changing LEFT coefficients are included, the muon lifetime or an equivalent normaliza-
tion constraint must also be used. The full set of experimental-level Michel parameters
entering the likelihood is given in Tab. 2.1}
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3. Low Energy Effective Field Theory
(LEFT)

The LEFT is constructed by integrating out all heavy degrees of freedom at the elec-
troweak scale (the W, Z and Higgs boson as well as the top quark) while strictly preserv-
ing the unbroken low-energy gauge symmetry of the Standard Model, SU(3)c X U(1)em.
This provides several critical advantages over the historical SPVAT approach:

e A complete, process-independent operator basis: The SPVAT formalism
parametrizes the most general local, derivative-free four-fermion interactions rele-
vant to muon decay. LEFT instead classifies all independent interactions among
the light fields through a chosen mass dimension, with their flavor structure and
baryon- and lepton-number properties made explicit.

e Systematic power counting and truncation: LEFT organizes the interactions
according to their canonical mass dimension and thus according to inverse pow-
ers of the heavy scales. This provides a controlled prescription for retaining all
independent operators through a given order and neglecting higher-dimensional
contributions consistently.

e Matching and renormalization-group (RG) evolution: The LEFT Wilson
coefficients form a renormalized operator basis with known QED and QCD anoma-
lous dimensions. They can therefore be evolved between the muon and electroweak
scales while accounting for operator mixing, and can subsequently be matched onto
SMEFT coefficients.

At the energy scale of muon decay, determined by the muon mass m, ~ 106 MeV, the
heavy fields of the SM are not dynamical degrees of freedom — the W+, Z and H boson as
well as the t quark all have masses clustered around the electroweak scale v ~ 246 GeV,
three orders of magnitude above the muon mass. For energies well below this scale, an
effective theory can be derived by integrating out the heavy fields and adding higher-
dimensional effective operators built from the remaining field content.
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3.1. The LEFT basis

LEFT symmetries Since the particles responsible for electroweak symmetry breaking
are integrated out, only the unbroken gauge symmetry remains:

SU3)e % U(1)em (3.1)

This is conceptually different from the broken phase of the SM: While left-handed
fermions only exist as doublets in the SM, regardless of the energy scale, the LEFT
treats left-handed neutrinos and left-handed charged leptons as completely independent,
unrelated fields. As a consequence, left- and right-handed particles can mix more freely
in the LEFT and new mathematical structures like scalar and tensor interactions arise.

LEFT particle content As degrees of freedom remain the massless bosons and all
fermions except the top quark.

e Gauge bosons Photon v and gluons ¢

e Charged fermions Charged leptons e, i, 7 and the five lightest quarks u, d, c, s, b.
Since the SU(2), group is missing, left- and right-handed charged fermions have the
same gauge charges and as they are moreover coupled together in the Lagrangian
by explicit mass terms after symmetry breaking they are written as single Dirac
spinors, e.g. € = ey, + €R.

e Neutral fermions For the neutrinos, however, standard LEFT only contains left-
handed fields ve, v, v,.

LEFT Lagrangian The renormalizable parts of QCD and QED plus an infinite tower
of higher-dimensional operators built from the light fields form the LEFT Lagrangian:

LirrT = LQED+QCD + Z Z L,(d) OZ@ (3.2)
a>5 i

° (’)gd) are the local, gauge-invariant operators of mass dimension d

° Lgd) are the Wilson coeflicients

The number of operators at each mass dimension is given in table [34]. For muon
decay, the following operators are relevant:

Dimension-five dipole operators:

Oea = erpo" e Flu (3.3)

Ouu = (VZZPCU“”I/RW)FW
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d quantum numbers ng=1 nyg=3
3 (AL =2) + h.c. 2 12

5 AL=AB=0 10 70

5 (AL =2) + h.c. 0 6

6 AB=AL=0 80 3631
6 (AL =2) + h.c. 22 1200
6 (AL =4) + h.c. 0 12

6 (AB=AL=1) + hec. 12 576
6 (AB=-AL=1) + hec. 4 456

Table 3.1.: Number of LEFT operators with dimension 3,5 and 6 (n, = generations)

Dimension-six operators:

LY L) (eLsyuer.t) (3.5)
VL pY VL) (BRsVueR ) (3.6)
Cvrr)(€rsert) (3.7)
Cvr,)(€Lser) (3.8)
I/L’pCO'” Vi) (€RsOwert) (3.9)
C is charge conjugation matrix and p,r,s,t are flavor indices. For this work we will
only consider the dimension-six operators. We note that only OXCZLL and (’)XéLR preserve

lepton number and thus correspond to SM-like neutrino output. In the following section,
we will perturb the SM Michel parameters with the LEFT operators from Eq. to

Eq.

3.2. Michel parameters in the LEFT

We will now present our calculations for the perturbation of the Michel parameters by
LEFT operators of dimension six. In Sec. we only consider the SM-like neutrino
output v, +7, and in Sec. we allow for all combinations of two outgoing neutrinos.

3.2.1. SM-like neutrino output
We begin by deriving the Michel parameters for u= — e~ 7,1, which corresponds to the

SM process. We follow the discussion from Sec. and further elaborated in appendix [A]
We consider strictly the SM-like process as a simple first look at our results.
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Starting with the contributions insensitive to the electron polarization we find:

G, v VL V,LL v roviin v V.LR VLR

s =1- o [Lyé,2112 + Lué,1221} T [Lyé,QllzLué,le + Lué,2112Lué,1221} (3.10)

3
o v? LV,LR LV,LR vt LV,LL LV,LR LV,LL LV,LR 9
M= [Freani2 t L1991 T 3 [Peanizbueion + Lye1221le 2112 (3.12)

—1 U4L\/,LR VLR

5 - - ? ve,2112-ve, 1221 (313)

3
=1 (3.14)
Since the operators (’),‘,/éLL and (’)},{;LR are hermitian, their flavor structures 1221 and
2112 are equivalent and for their coefficients it holds that L:,Z%{{;R = L;/éﬁ%fR SO we

can simplify the first order corrections for Gr/Gpgm to the real part of one operator
coefficient.

In many analyses G is viewed as an input parameter. However, we use the result of [28§|
where the authors apply the {/y,mz, &} input parameter scheme to conduct a theory
determination of Gp:

mm%
V2, (g — g,

For this they use the values 6g = 0.03686(21), & = 7.2973525693(11) - 1073, my =
80.369(13), and myz = 91.1880(20) from [48]. Comparing this SM prediction with the
leading contribution in and the experimental value in Eq. we find

(1+dg) = 1.1658(10) - 107° (3.15)

Grsm =

—0.004 < v2Re [ijfm} < 0.002 (3.16)

By taking |L| ~ 1/A? (and assuming that |L| ~ Re[L]) we obtain a 95% confidence level
bound on the scale of new physics:

A >21v~ 5.1 TeV (3.17)
If we allow for contributions that are quadratic in L,‘jégfu and LL/é7L2L112 we can define a

x? over Gp,n and €. Assuming P, = 1, we find the following 95% confidence level region
for the two contributing Wilson coefficients:

V,LR

—0.036 < v* Ly 5, < 0.064, (3.18)
V,LL

—0.0042 < v? Ly, < 0.0025 (3.19)
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Extending our analysis to include electron polarization dependence we find corrections
to the following additional Michel parameters:

"_ v V,LR vt V.LL ;V,LR
- 5 ve,2112 — ZLue,2113Lue,2113 =-n (32())
/U pVIR VIR 3.21
5 - - ? ve,2112-ve, 1221 _é- ( : )
o4 v? V.LR vt V.LL V.LR
A = 7Im[Lr/e,2112] - glm[([/ye,mm)*Lue,znz]
vt V,LL V,LR
- glm[(Lue,znz)Lue,znz] (3.22)

The parameters £” and o//A remain unchanged — in the LEFT we will see they only
receive corrections from lepton number violating operators. As n” = —n and & = £ and
these two additional parameters are more poorly measured than 7 and &, we neglect to
extend our fit to include them here. However, the leading interference for 3’/A together

with the one for n allow for determining the real and imaginary component of Lz‘//é,Lzlfu:
2 / 2
v V.LR B v V.LR
n= ERG[Lye,mm] A ~ _Zlm[Lue,QHQ] (3.23)

This operator can be transformed to to a scalar operator by a Fierz transformation:

OVLR = (7" Povs) (@ Prer)
= 2(eérsvLr)(VLpeRrt)
by Fierz: (’Y”PL)ab(’YuPR)cd = _2(PR)ad(PL)cb (3.24)

This resembles for prst = 2112 the Michel structure of g}% r in the notation by Fetscher,
Gerber & Johnson [23] and thus our determination in [3.23|reproduces the findings in [21]
where the authors state that at leading order (and for SM like neutrino output) only the
Michel parameters n and 3’/A receive a correction stemming from the scalar interaction

term g]%R. Since Lz‘//é{lzjflz and gfm produce the same operator structure we could in

principle also constrain Lgéé}fm directly from the PDG results for the SPVAT matrix
elements [48]:

V,LR
v Lyosne = |9l < 0.035 (3.25)

We will however use the Michel parameters of Tab. [2.1] Before we analyze the evolution
of the constraints up to the EW scale we discuss the case of full neutrino output.
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3.2.2. Full four-fermion results

Starting by neglecting measurements sensitive to electron spin, we find for G:

2
2 2 _ v V,LL V,LL
GF/GF,SM =1- ? |:Lue,2112 + Lue,1221

4 3
v V,LL ;V,LL V,LR ;V,LR
+ Z Z |:Lue,ab12Lue,ba21 + Ll/e,aleLue,chl
a,b=1
4
v S,LL S,LL |2 S,LR S,LR |2
+ E [‘Lue,ab12 + LV€7ba12| + |Lye7ab12 + Lye,ba12| + (12 — 21)]
a<b
vt &
S,LL S,LR
+ 2x E Z |:|Lye,aa12|2 + |Ll/e,aa,12|2 + (12 - 21)]
a=1
T,LL T,LL
+ 3’[)4 Z [‘Lue,abm - Lue,ba12|2 + (12 - 21)] (326)
a<b

Here we have used “(12 — 21)” to mean swapping only the last two flavor indices from
“12” to “21.” For sums with a < b it is understood b is summed from 1 to 3. The factor
of two for like neutrinos arises from the counting factor (1/2) for identical final-state
particles and symmetrizing the amplitude giving |c + ¢|? to 4|c|? for a = b. The factor of
3 for the tensor can be understood as coming from the six independent components of
oM and the trace over Dirac matrices. The difference in sign structure between scalar

and tensor terms is simply due to the symmetry properties of the two operators under
interchange of the neutrino flavor indices.

For the other electron spin independent Michel parameters we find:

3 3t S,LL S.LL |2 S,LR S,LR |2
P = Z — Taa |:|Lye,ab12 + Lye,ba12| + |Lue,ab12 + LV@,bCLlQ’ + (12 - 21)

64 a<b

4 3
S,LL S,LR
—2xX T Z |:‘Ll/e,azL12’2 + ‘Lye,aam’Q + (12 — 21):|

3t T,LL T,LL
+ T Z |:|Lyé,a612 - Ll/é,ba12|2 + (12 — 21):| (327)

a<b

28



2 4
. v V,LR V,LR v V,LL V,LR V,LL V,LR
n= 0+ 1 [Lue,2112 + Ly 1901 | + 3 Ly 1991 Lye 2112 + Lyd a112Lve 1201

4
v V,LL V,.LR V,LL V,LR
+ T |:L1/e,2112L1/e,2112 + Ly 1901 Lye 1901

4

_%Z

3
[LV,LL VLR V,LL LV,LR]
a,b=1

ve,bal2ve,abl2 +Ll/e,ab12 ve,ba2l

’U4
+ gZRe |:(LS,LL ) + LS,LL )*(LS,LR ) + LS,LR )+ (12 N 21)

ve,abl ve,bal2 ve,abl ve,bal2
a<b
7)4 3
S,LL ~\x/7S,LR
+ Z Z Re [(Lue,aam) ( Ve,aal?) + (12 - 21):| (328)
a=1
’U4 3
_ V,LR V,LR
§=1- 5 Z LVe,ablZLue,chl
a,b=1
v [\ rS.LR S,LR |2 S,LL SLL |2
+ 3 [Lywaprz T Lot paon|” = 21000 ap1o + Lyt para }
a<b
vt [ S,LR S,LR |2 S,LL S,LL |2
+ § Z _2|Lué,ab21 + Lué,ba21| + |L1/’e,ab21 + Ll/é,ban ]
a<b
7)4 5.t
S,LL |2 S,LR |2 S,LL |2 S,LR |2
+ ZZ ’Ll/e,aa21| - 2’Lr/e,aa21’ _Q‘Lue,aam‘ + ‘Lue,aa12 ]
a=1 ~
v [ T,LL T,.LL |2 T,LL T,.LL |2
+ g Z 32|Lué,ab12 - Lué,ba12| - 80‘L1/é,ab21 o Lué,ban ] (329)
a<b
s— 3 9v* [([SLL | pSLL 2 _ |y SLR | [SLR 2 (12 21)
T4 + 64 ’ ve,abl2 + ue,balQ‘ - ‘ ve,abl2 + ve,bal2l -
a<b

9ot 7 S,LL S,LR
o S [IE R L P — (12 21)]

32 ve,aal ve,aal
a=1
v [\ 7 T,LL T.LL |2
B T ’Lue,ab12 - Lye,balQ‘ - (12 — 21):| (330)
a<b

The extra quadratic term in 7 that does not appear as part of a sum arises from the cross
term when expanding the ratio defining eta (see[A.31)). It originates from the product of

. . L : - . LL
the linear term in the numerator ~ z‘//é,2]1%12 with the linear correction to 1/G% ~ L‘u/é,2112-
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This contribution only exists for the SM flavor assignment. Notice that for £ there is a
difference between the “12” and “21” contributions. Exchanging these labels swaps the
chirality assigned to the electron and muon. The parameter £, which corresponds to the
anisotropic part of the rate, is sensitive to precisely this difference in chiral assignments.
For the same reason, ¢ also swaps signs under the flavor exchange (12 — 21).

Measurements sensitive to the electron’s polarization then access the additional Michel

parameters:
vt &
r_ V,.LR ;V,LR
£=1- ? Z LV@,aleLl/e,ba2l
a,b=1
vt [\+S,LL S,LL |2 S,LR S,LR |2
Y 1Ly a2 + Lowparal” + L0 apor + Lol baon }
a<b
vl 3
SLL |2 S,LR |2 4 T,LL T.LL |2
- Z Z _|Lue,aa12| + |Lue,aa21 } —6v Z |Lue,ab12 - Lue,ba12| (331)
a=1 a<b
U4 [\ +S,LL S,LL |2 S,LR S,LR |2
" 3 5 ) )
=1+ § |Lue,ab12 + Lzze,balQ’ + ‘Lue,ab12 + Ll/e,ba12| + (12 - 21)
a<b
v 3
SLL |2 S,LR |2
+ Z Z ’Ll/e,aa12| + ’Lue,aa12| + (12 - 21)]
a=1
4 T,LL T,LL |2
— 10v Z |:|Lye,ab12 - Lue,ba12| + (12 — 21):| (332)
a<b
1" v? [ VLR V,LR v' VL VLR V,LL ;V,LR
n = 0- T [Lué,mm + L3901 | — g[Lué,mmLué,znz + Lyl 5119l 1901
vt V,LL V,LR V,LL V,LR
- g[Lué,muLyé,mm + Lyl 991 Ly 1201]
v &
V,LL ;V,LR V,LL ;V,LR
+ § Z [Lue,baQILl/e,abIQ + Lz/e,a,bIQLye,ba21]
a,b=1

3v? S,LL S,LL \+/7S,LR S,LR
+ ? Z Re |:(Lue,ab12 + Lzze,balQ) (Ll/e,ab12 + Lue,ba12) + (12 — 21)1|
a<b
vt & S.LL \x7S,LR
+ T Z Re |:(Lue,aa12) LVe,aalQ + (12 - 21) (333)

a=1
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o v S,LL S,LL ~x,7S,LR S,LR
Z = 0- g Zlm[(Lué,abIQ + LI/é,balZ) (Lyé7abl2 + Ll/;:,ba12) + (12 — 21)]
a<b
I
S,LL « 1 S,LR
B Z Zlm[(Lue,aam) Lue,aa12 + (12 — 21)] (334)
a=1
B v? V,LR v V.LL \x;V,LR vt V.LL VLR
Ve 0— Zlm[[’ue,mlz] - glm[(Lue,an) Ly 5110) — glm[(LytelQ)Lye,QllQ]
vt S
V,LL ~\x7V,LR
t ] Z Im[(Lue,abw) Lue,ab12] (3.35)
a,b=1

3.3. Constraints on the LEFT Wilson coefficients

Having expressed the Michel parameters as functions of the LEFT Wilson coefficients, we
can now invert the relation: given the experimental likelihood of Sec. we constrain
the coefficients themselves. Throughout we work with the dimensionless combination
UQL(V? ~ (v/A)?, so that a bound on v2L translates, for an order-one UV coupling, into
a lower bound on the new-physics scale via A 2 v/+/|v2L|. The results quoted here are
obtained at the scale of muon decay, p ~ m,; their evolution to the electroweak scale is
the subject of the subsequent section.

Interference versus quadratic sensitivity The structure of the full four-fermion results
dictates two qualitatively different regimes. The lepton-number-conserving vector oper-
ators Oyl and OVF® with the Standard-Model flavour assignment (ab = 21, i.e. the
final state v,7.) interfere with the SM amplitude and therefore enter the observables
linearly, at order v?L. Every lepton-number-violating operator, as well as the vector
operators for any non-SM neutrino flavour, cannot interfere with the SM final state and
enters only quadratically, as |v2L|?. Since the neutrinos are not observed, the observables
depend only on incoherent sums over the neutrino flavours; a bound on an individual
flavour coefficient is therefore only meaningful under the assumption of single-operator
dominance, and within a given operator class the bound is largely independent of the
specific neutrino-flavour label.

The two regimes produce reach that differs by orders of magnitude. A linearly-sensitive
coefficient is bounded as [v2L| < 0exp, While a quadratic one only as [v?L| < \/Fexp,

so that the mass reach scales as A O'e_xlp/ 4 rather than ae_xlp/ %, This is the origin of
the multi-TeV bounds on the interfering coefficients and the O(1 TeV) bounds on the
lepton-number-violating ones.
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Coefficient 95% CL interval on v2L A [TeV]  sensitivity

LVEL (Re)  [—0.0044, +0.0024] 3.7 linear (Gp)
LVER | (Re) [-0.021, +0.018] 1.7 linear (1,7")
LVER (Im)  [-0.017, +0.023] 1.6 linear (8'/A)
Lz‘//él?ém (Re) [—0.13, +0.13] 0.7 quadratic
Lfffm (Re) [+0.036, +0.069] 0.9 quadratic
Lf’fffu (Re) [—0.025, +0.025] 1.6 quadratic
LYEE | (Re) [—0.036, +0.036] 1.3 quadratic
Lf,;ﬁm (Re) [—0.008, +0.008] 2.8 quadratic

Table 3.2.: Single-operator 95% CL bounds on selected dimensionless LEFT Wilson co-

efficients v2L(fQ at the muon scale, from the Michel-parameter likelihood of

Sec. The implied scale assumes |L| ~ 1/A? with an order-one coupling.
Flavour indices follow the convention prst with p,r the neutrino and s, ¢ the
charged-lepton generations.

Single-operator bounds Switching on one coefficient at a time and profiling the block-
covariance x? of Eq. (supplemented by the muon-lifetime/Gr normalization con-
straint, required once normalization-changing coefficients are included) yields the 95%
confidence-level bounds of Table [3:2] The coefficients listed are representatives spanning
the distinct operator classes: The lepton-number-conserving vectors in the SM flavour
slot, a vector in a non-SM flavour slot, and the scalar and tensor structures in both the
diagonal (a = b) and off-diagonal (a # b) neutrino configurations.

The interfering coefficient Lz‘//éLlelz is the most tightly constrained and it reproduces the

A 2 5 TeV normalization bound; its imaginary vector partner Ll‘jéé}fu is bounded through
the transverse-polarization parameter 5'/A, giving access to a CP-violating phase. The
tensor operator is comparatively well constrained even though it enters quadratically,
because it feeds the precisely-measured shape parameters p, § and £ with large numerical
coefficients.

It is worth noting that the scalar coefficient Lf’eLlLllz has a 95% interval that excludes
zero. This is not evidence for new physics: A diaéonal scalar lowers p and raises 4, and
the current central values sit slightly below and above their SM predictions respectively,
so the fit mildly prefers a non-zero value. With X%M ~ 21 for the ten observables — driven
largely by the internal tension of the TWIST block, where ¢ and Pj¢ are both pulled
upward despite their —0.72 correlation — this preference reflects the present experimental
inputs rather than a significant signal.

Global fit and flat directions Relaxing single-operator dominance and profiling one
coefficient with the others floating weakens the bounds through cancellations: For in-
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stance the A 2 3.7 TeV bound on Re LL/éLQLHQ degrades to 2 2.6 TeV once Re LXéL;flz
is allowed to compensate. A Singular—valué decomposition of the (Covariance—whitefled)
observable response at the SM point shows that only the interfering combinations receive
linear sensitivity, while all lepton-number-violating directions are flat at linear order and
bounded purely quadratically. Consequently the Michel parameters alone constrain only
a limited number of coefficient combinations; the remaining directions require comple-
mentary observables. These findings are subject to the assumed validity of the effective
expansion, [v?L| < 1: Some apparent flat directions in the global fit only open up for
coefficient values at which the EFT description has broken down.

3.4. RGEs of the LEFT

Before we can map the LEFT to the SMEFT we have to consider the RGEs for the LEFT
up to the EW scale to check whether heavy mixing with other operators occurs or the
Wilson coefficients dramatically change — we will see, however, that this is not the case.

From [33] p.29] we find for the anomalous dimensions of the LNC operators OVFE and
OV.LR,
ve
. 4
valgL = 7€2qe(sst Neqy (LV;/I{LL + LV;/[{/,R) + Ncqq LV;,LdL + LV’IZR
prst 3 pruw pruw prww pruw
+a (2788 4 LR
prww prww
+ 96292 Ly L0y (3.36)
wr - wp
. 4
P g, [Nch <L s L) v (58 1)
prst 3 prww prow prww prww
+ e (LV’VLJ + LV;,LER>
prww pruww
— 96e2q2 Ly Ly bst (3.37)
wr wp

Since st = 12 «» 21, the Kronecker delta 4 in the closed fermions loop term and the
dipole operator term make the anomalous dimensions for the muon decay LNC operators
vanish:

Fv,LL _ §V,LL
LVe,ablZ - LV@,ale =0 (338)

rVLR _ ;V,LR __
Ll/e,ale - Ll/e,abZl =0

(3.39)
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For the scalar and tensor LEFT operators, however, the anomalous dimensions do not
evaluate to zero:

L5 = —6e2q?L5E" (3.40)
prst prst

LUEE = 2e2q? LT " (3.41)
prst prst

L5 = —6e2q2L 50" (3.42)
prst prst

Solving for the three operators yields:

3a
v \ 2%
L3LE(w) = L5 F (my,) <m> ~0.973 - L3F (m,,) (3.43)
i
5
LTLL(p) = LTEE (my,) (TZ) ~ 1.009 - LTLL (1) (3.44)
W
_3a
U T
Ly () = L3 (my) <m> ~ 0973 Ly (my,) (345)
I

So we see that running of the couplings from the energy scale of muon decay (= m,,) to the
EW scale (=~ v) only gives minor corrections — but for completeness we are including them
in our calculations. In the next chapter, we will see how the five LEFT operators under
consideration match onto the SMEFT and how the corresponding SMEFT coefficients
evolve under the RGEs.
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4. Standard Model Effective Field
Theory (SMEFT)

For the energy regime above the electroweak scale, the full Standard Model Effective
Field Theory (SMEFT) is the appropriate effective description. Since we are exploring
the imprints of heavy new physics on the phenomenology of muon decay we first have
to identify the set of relevant SMEFT operators — those operators which result in their
low-energy limit in the LEFT operators identified in the previous chapter. For this
purpose we are using the tree-level matching results of [34] and |44]. However, while the
matching is performed at the electroweak scale, the investigation of potential heavy new
fields possibly shielded by these effective operators naturally takes place at the energy
scale of new physics — roughly at the order of a fex TeV, as we know from Tab. So
before we can “open up” the SMEFT operators we first have to run them up to that
energy scale. To accomplish this task we are using the python packages wilson [1| and
the D7TRGESolver [45|. This will allow us to present the full set of SMEFT operators at
the new physics scale which in their low-energy limit affect muon decay.

The content of this chapter is ordered in the following way: First, we briefly summarize
the structure of SMEFT and its operators at dimensions five, six and seven. Subsequently,
we cite the tree-level matching conditions for the relevant SMEFT operators at dimension
six and seven to the LEFT operators which perturb muon decay. Finally, the identified
SMEFT operators are run up to the energy scale of new physics where, in the next
chapter, we can open them up to explore the various heavy new fields possibly veiled by
them.

4.1. The SMEFT Lagrangian

The SMEFT extends the SM Lagrangian by embedding it as the leading term of an
expansion in terms of powers of a heavy scale A: At each canonical mass dimension D
(in our convention the As are absorbed by the Wilson coefficients, following [36]) we add
all local Lorentz invariant operators built out of the SM field content:

L=Lsym+ Z P (4'1)

D>5

Unlike the HEFT, the SMEFT assumes that electroweak symmetry is linearly realized
and that the physical Higgs belongs to the SU(2); doublet H. The higher dimensional
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AB,AL) ng=1 mng=3

0,42) + he. 141  6+6
0,0) 76 2499

1,1) + h.c. 4+4 273+ 273
0,42) + he. 12412 474 + 474
+1,-1) + he. 6+6 297 + 297

NN oo oY

Table 4.1.: Number of SMEFT operators at dimensions five, six and seven from [34] and
[44] (ny = number of generations)

interactions are therefore constructed from complete SM muliplets and respect the full
SM gauge group SU(3)c x SU(2)r, x U(1)y.

At dimension five, there is only one operator (class) we can add — the Weinberg neutrino
mass operator [55], which combines two Higgs doublets with two lepton doublets:

L8 = O (1T Cly ) Hy Hy + hec. (4.2)

Here, r, s are flavor indices, i, j, k,l weak-eigenstate indices. For three generations, Cj
has 6 complex entries. After spontaneous symmetry breaking, this operator produces a
Majorana mass term for the neutrino: M, = —v2Cs.

For dimension six, Buchmiiller and Wyler counted 80 operators in 1986 [13|. However,
many of these operators turn out to be actually equivalent and refer to the same operator
structure because they can be transformed into each other. Fierz transformations, for
example — one of which we used in Eq. to “fierz” Ly into g]%R — account for
many subtle equivalences of scalar, vector and tensor-like structures. Moreover, the
SM equations of motion and field redefinitions also allow for transforming many operator
structure into each other. An updated classification was therefore published in 2010 which
is now mostly referred to as the Warsaw basis |29] and which counts 63 independent
operators, 59 of which conserve baryon number. Of those 59 operators, 42 are self-
hermitian and 17 not — which is why Jenkins, Manohar & Stoffer count 42 + 2(17) = 76
baryon-number conserving operators in [34] and 4 + 4 = 8 baryon-number violating
operators. At dimension seven, there are 18 independent operators [44] — originally
Lehman [40] presented 20 operators, but 2 pairs of y* D operators were shown to refer to
the same structure. In Tab. [f.I] we collect the number of operators at dimension five, six
and seven, following the counting in [34] and [44]. We cite the full bases for dimensions
six and seven in the appendix in Ch. [B]
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4.2. SMEFT in the broken phase

In the spontaneously broken SMEFT effective Higgs operators alter the VEV, the cou-
plings and the weak mixing angle — for this discussion we are following the section of
the same title in [34]. Essential for muon decay, the gauge currents themselves receive
operator-dependent corrections. For example W/J[ couples to (7r,y'er,) via a modified
coupling [Wi]p:

ALy, = —%Wﬁm# [WilpreLr + hec. (4.3)

The modified coupling [W}],, as well as [Zy],, which couples Z,, to (¢,y*1),) whereby

= v, €L, er in the spontaneously broken SMEFT receive corrections from 0% as well
Hl
as from the modified VEV:

(Wilpr = :5pr + v%cg”}’p’"] (4.4)
Zudr = [t (3) = 3ohOH + b 45)
ey Jor = :6pr (; + §2> ~ SAOP - ;v%cgl)””] (4.6)
Zerl = |65~ 303CE] (47)

The VEV and the gauge coupling change in the following way, which also affects the
weak mixing angle:

3Lyv? _ _
v = (1 + l > v g1 =g (1 + Lyg U%) g2 = g2 (1 + Lgw ’U%) (48)

8\
L g1 €92 (35— i
§=sinf = ——— |1+ (4.9)

NG EY 291 \71 + 93

And the effective couplings € and gz as well:

1 _
€ = go sinf — 5 COSQ@QU%CHWB,

e 2 + g2
9z=—=— 1+ 272200, (4.10)
sin @ cos 6

Equipped with these corrections we can now take a look on the matching conditions of
the SMEFT onto the LEFT.
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4.3. Matching conditions

From the LEFT paper by Jenkins, Manohar and Stoffer [34] on operators and matching

at dimension six we collect the following matching conditions for the LNC operators
OViLL o0 4 OViLR.
ve ve .

V,LL t t 7% *

Lz/e,prst = Cﬁm + Clsl P 2M2 [VVl]pt[VVl] M2 [ZVL]pT[ZeL]st (411)
V,LR t g3 *

Lue,prst = lP;TS - %[ZVL]pT[ZeR]st (412)

For the prst = abl2 flavor combination under consideration we are therefore obtaining,
while neglecting all terms quadratic in couplings, the following matching conditions:

52
L,‘,/eLa%u a2 ot — 2542‘2” <5a25b1 + 5a211%0g’l)’b1 + 5b1U;2pC$l)’a2) (4.13)

g 1 * *
i <45abv% e et ])

V,LR g2 (1 "
Lue abl2 — Cab12 MZ% <45abUT012 > (414)

We have therefore 5 SMEFT Operators at dimension six which the LEFT matches onto
(full basis in B.3):

O = (p7"1) (sle) (4.15)
O = (71 (Esuer) (4.16)
O™ = (H''D ,H)([n"1,) (4.17)
O = (B DL H)([,r'+1,) (4.18)
O, = (H''D ,H)(e"er) (4.19)

We see from the last term of Eq. that the SMEFT operator Qg? only produces LEFT
operators with two identical neutrino generations (due to the d4,) — this is because the
operator stems from a lepton number changing neutral current mediated by the Z boson
which couples the muon directly to the electron and decays itself into two neutrinos of
the same generation.

For the scalar and tensor operators, since they violate lepton number, the matching at
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dimension six is zero but at dimension seven we obtain from [44]:

S,LL \fv t t

Lt == (2050 + o +p o) (4.20)
S,LR \fv t

Lue prst 2 (CIP;HD(STS + ClretHD5p5> (421)
T,LL \fv t t

LI =+ (oo — o) (422)

Notice that in this case the v is the bare SM VEV — corrections in terms of vy would
start at order 1/A® and are therefore neglected in this tree-level result. As we see in
Eq. to Eq. there are two relevant operators at dimension 7 (full basis in

and :

Oy = €ijemn(UiCyuer) Y H™iDH H" (4.23)
OBty = €ijemn (Gl (L1 H™ (4.24)

The specific matching for the seven operators that we derived 95% CL intervals for

(Tab. is:

Ly = =5 + CF2 4 o2t — 2050 — 208 (4.25)
v

V,LR

Lue 2112 — 02112 (426)

1 =2

Ll\//engu = OP12 4 )23 4 ZU%J\QTZ; (C( )12+ | C}(LH) 12*) (4.27)
S.LL fv

Lyoite = == (2Caiur + Caiirr) (4.28)
S,LR

Lyt = \fvcleDH (4.29)
S,LR \fv

Lyt 910 = — ——Cion (4.30)
T,LL \fv

Ly s = ~ao (Caitiir — Caitirr) (4.31)

Let us analyze the very first matching conditions in Eq. for LX;,Lsz: The first

term —v% amounts to the pure SM W-boson exchange — however, in the spontaneously
T

broken SMEFT the Higgs potential is modified by the operator Oy = (H'H)3, see Eq.
Since we are working in the {my,mz, &} input scheme, vp is not determined by
the Higgs potential but by the physical mass of the W boson:

1_
mhy = Sl (1.32)

We can not really distinguish whether our LEFT deviation is due to an SM gauge shift, a
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vertex correction or the four-fermion operator. We neglect the corrections to g that stem
from the SMEFT in the broken phase and refer to the technical report of the LHC EFT
working group in [11]: Generally products of two dimension-six coefficients, including
electroweak input-parameter shifts multiplying an already dimension-six contribution,
are consequently of O(A™*) and can be neglected. For operators that do not inter-
fere with the Standard-Model amplitude, the squared EFT amplitude is retained as the
leading non-vanishing contribution. Such squared terms are separately gauge invariant
and basis independent, but constitute only a partial contribution at the corresponding
higher order in the EFT expansion. Moreover, SM gauge shifts and vertex corrections
are heavily restricted by Electroweak Precision Observables (EWPO) and LEP data —
we must unfortunately refrain from a detailed discussion at this point and only note that
exclusively constraining the four-fermion operator is legitimate.

Since furthermore Cﬁll? = Clllml* we can simplify the matching to:
V,.LL 1 2112
Re[Lue,Qllz] ~ 2Re[C) 7] (4.33)

The matching for Ll‘//éélfw = 012;12 is much cleaner — and moreover we have con-
straints for both its real and imaginary part.

The matching of LféﬁLHZ requires some care. Here, the single-coeflicient assumption at

the LEFT level means that only Ls’ﬁfhg is varied — it does not imply that the matching

rve
selects a single independent SMEFT flavour coefficient. The first index of O%" labels
the charged-lepton singlet, whereas its last three indices label the three lepton doublets
and obey non-trivial permutation relations. We therefore rewrite the raw flavour compo-
nents in the irreducible flavour basis used by D7RGESolver [45|. For the flavour multiset
(r,s,t) = (1,1,2), the totally antisymmetric component vanishes, leaving one symmetric
and one mixed-symmetry coefficient. We define:

S),1112 _ M),1112
Cs=Cl Cy =i, (4.34)

The projector relations then imply:

diin =Cs —Cwm Caijn =Cs  Cajify = Cs + Cu (4.35)
It follows that:
L5E, = =20 (ot + i)
—_— */f” (3Cs — 2C) - (4.36)

The weak-isospin contractions by the Levi-Civita tensors should not be confused with this
flavour decomposition: The latter follows from permutations of the three lepton-doublet
flavour indices.
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4.4. RGEs for the SMEFT

In order to consistently constraint UV fields we have to bridge the energy scale upwards
to them. From the electroweak scale at about 246 GeV to a few TeV, as estimated in
Tab. it is only about one order of magnitude, so we don’t expect large corrections
— but on a conceptual level the running and mixing of operators is a key element of
exploring energy scales and translating between them: UV fields might produce effective
operators that look quite different at a low-energy process like muon decay.

For the dimension-six operators, we are using the wilson 2.5.2 package [1] and a contin-
uously fixed Warsaw weak basis, for the dim-7 operators the D7TRGESolver from [45] in
the down basis. The full RGEs are given in section in the appendix. In Tab. we
give the complete complete one-coefficient translation of the muon decay LEFT bounds
into SMEFT bounds and subsequently into UV bounds together with the total relative
change of the components between pugpw and Aest. In Tab. we collect the mixing of
the of the dimension-seven coefficient into the strongest generated coefficient and the
Weinberg operator in order to check whether those values are consistent with current
neutrino mass bounds. In Tab. [£.5] we collect the mixing of the dimension-six coefficients
into several of the coefficients they produce.

Equation shows that the LEFT measurement constrains one linear combination of
two independent SMEFT flavour coefficients:

LL
VL, = —p Bzspne = 2zpan2) - zsw = v Csm (4.37)
If both coefficients are allowed simultaneously, only this combination is bounded. The

two rows in Tab. [£.2] instead represent the mutually exclusive one-coefficient hypotheses
zy = 0 and zg = 0 — they must not be interpreted as a simultaneous fit.

The naive contributions in Tab. range from O(10%eV) to O(10*eV) and are conse-
quently many orders of magnitude above the sub-eV neutrino-mass scale indicated by
oscillation data and constrained by direct and cosmological measurements [48]. The
strongest direct measurement comes from the KATRIN experiment from the kinematics

of tritium S-decay. From the combined analysis of its first five measurement campaigns,
KATRIN obtains [2]:

3
mg = |Uel’m] = —0147013eV? = mg<045eV (90% CL)  (4.38)

=1

If one imposed the genuinely single-operator boundary condition C5(A) = 0 at the
UV scale, the downward RGE evolution would therefore generate neutrino masses that
are incompatible with observation when the dimension-seven coefficients saturate their
muon-decay bounds. In such a scenario, neutrino-mass constraints would be considerably
stronger than those obtained from the Michel parameters, unless the mixing is suppressed
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by a symmetry or cancelled by an independent contribution to the Weinberg operator.
The values in the table should nevertheless not be interpreted as direct low-energy pre-
dictions of the present calculation: The RGE evolution was performed upwards with
Cs(prw) = 0, so that the generated C5(A) instead quantifies the UV coefficient required
to compensate the mixing and recover the chosen electroweak boundary condition [45].

LEFT

SMEFT Matching 2LErT (M) TLEFT (HEW) za(pEwW) Aest [TeV]  za(Aest) Arcr

dimension-six SMEFT coefficients

vl
Re Lyc,znz
Vil
Re Ly¢ 5112
Vil
Re L9112
V,LR
Re me,‘zl 12
V,LR
Im L, 5112
Vil
Re Lm’,3312
Re LV
€ Liye 3312
Vit
Re Ly¢ 3312

Re 2112 TLEFT = 226 [~0.0044, +0.0024]  [~0.0044, +0.0024] [~0.0022, +0.0012] 5.277 [~0.0022,+0.0012] —0.41%
ReCWM™  apmer=—22  [~0.0044,40.0024] [~0.0044,+0.0024] [~0.0012,40.0022] 5.277 [~0.0012,+0.0023]  +4.84%
ReC&I?  piper = =22 [~0.0044,40.0024] [—0.0044,+0.0024] [=0.0012,+0.0022] 5.277 [=0.0012,+0.0023] +4.84%
ReC212 TLEFT = 26 [=0.0213,+0.0177)  [=0.0213,+0.0177] [~0.0213,+0.0177] 1.687 [=0.0211,+0.0176] —0.95%
Im CP112 TLEFT = % —0.0165,+0.0226]  [—0.0165,+0.0226] [—0.0165,+0.0226] 1.638 [~0.0164,+0.0224] —0.94%

] [ [

] [ [

] [ [

[
[
[~0.1320, +0.1320]
[
[

Re Lus 1112
Re Lm 1112

ReLue,lZlZ

[
Re C3312 TLEFT = 226 [—0.1320, +0.1320 —0.0660, +0.0660]  0.958 ~0.0656, +0.0656] —0.63%
ReC)™  apmer=Rezy  [~0.1320,40.1320] [-0.1320,+0.1320] [—0.1320,+0.1320] 0.678 —0.1363,+0.1363]  +3.21%
ReC@™  apmer=Rezy  [~0.1320,40.1320] [0.1320,+0.1320] [—0.1320,+0.1320] 0.678 —0.1342,40.1342]  +1.63%
dimension-seven SMEFT coefficients
ReCUMNZ gy ppr = —3Y220 [40.0364,40.0689]  [+0.0355,+0.0671]  [~0.0633,-0.0334]  0.618 [0.0644, —0.0340]  +1.81%
ReCODI gyppr = Y220 [40.0364,40.0689]  [+0.0355,+0.0671]  [+0.0501,+0.0949]  0.540 [+0.0503, +0.0952]  +0.30%
ReCi2,,  aiger = —vZ2zr  [~0.0251,40.0251] [-0.0244,+0.0244] [-0.0173,+0.0173] 0.953 [~0.0184,+0.0184]  +6.40%
ReCZ,,  awmer = 27 [~0.0355,40.0355] [~0.0345,+0.0345] [—0.0488,+0.0488] 0.674 [<0.0511,+0.0511] +4.81%
ReCONM2 4y ey = % [=0.0076, +0.0076]  [—0.0077,+0.0077] [—0.0872,+0.0872] 0.555 [0.0874,+0.0874]  +0.31%

Table 4.2.: Complete one-coefficient translation of the muon decay LEFT bounds into

SMEFT constraints and their subsequent evolution to the estimated UV scale.
We define zpprr = v2L and zg = v¥4Cy, with v = pEw = 246.22 GeV. The
scale estimate assumes |Cy| = A*? so that Aegy = v/max|zq|'/@4. The
column Aggg gives the relative change of the indicated real or imaginary
component between pgw and Aeg. For Lye 1112, the displayed positive interval

is one branch of the sign-degenerate constraint on its magnitude.
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EW-scale seed  Aeggt Change D7 Cf. Induced Weinberg Cf.

ReChily'™®  0.618TeV  +1.81% C32L (473 x 107°%)  CJ2 (1.585 x 107%)
ReChui ™™ 0540TeV  +0.30% C3M2 (530 x 107°%)  CJ2 (4.446 x 10~°)
ReC}%p 0.953TeV  +6.40% C2'32(0.0703%) C22 (1.610 x 107°)
ReC¥;p 0.674TeV  +4.81% (€322 (0.0527%) C22 (2.363 x 1079)
ReClyit '™ 0555TeV  +031% C¥2 (277 x 107°%) 22 (9.225 x 10~°)

Table 4.3.: Complete dimension-seven mixing generated by DTRGESolver using integrated
one-loop running in the down basis. The fourth column displays the strongest
induced dimension-seven operator and the percentage refers to the EWSB-
normalized induced-to-input ratios. The final column separately displays the
largest generated Weinberg coefficient as v|Cs|/(v3|C7 input|); it is a dimen-
sionless ratio rather than a percentage.

D7 Cf. Weinberg Neutrino mass-matrix entry Nalve induced mass scale
Cai' > C#2 (M) 130-247 6V
(M),1112 12
Caun Cs |(My) epl 54.9-104 eV
Ciop G5 |(M,))en| < 6.84keV
Clyp  CF (M) 11 < 98.4keV
M),1122
Cém}{ cs? [(My) e < 198eV

Table 4.4.: Naive Majorana-neutrino mass scales associated with the Weinberg coeffi-
cients induced by the dimension-seven SMEFT operators. The values are
obtained from |(M,),r| = v?|CE"| using the endpoints of the corresponding
95% confidence intervals from muon decay. The first two rows are ranges
because the corresponding Michel-parameter intervals do not contain zero.
For the remaining rows, whose intervals do contain zero, only the maximal
mass scale at the endpoint of the interval is quoted. The coefficients 0512 and
C22 describe entries of the Majorana mass matrix in the charged-lepton flavor
basis and should not be identified with individual mass eigenvalues mq, mao,
or ms.
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EW seed  Aggt Notable? Induced ~Cillest)  Tpquced - Cillest)

Cinput (HEW) Cinput (LEW)

ReC?12  5277TeV  yes Cjr2? 4.33% 7332 0.536%
CI8L 0.536% C2222 (.368%
CHt0.368% c®20.266%
cB0.266% O 0.266%

ReCUIM 5.277TeV  yes Cro 1.75% O 118%
c33, 0.953% c? 0.569%
cB30.569% CErtt 0.569%
e 0.569% g 0.567%

ReCH)?  5277TeV  yes Cro 1.75% O 118%
c33, 0.953% cOM 0.569%
cB3 0.569% ot 0.569%
e 0.569% o 0.567T%

ReC212  1687TeV o O 0.00257%

ImC212  1.638TeV o O 0.00253%

ReC3¥12  0.958TeV  yes cls2 212% cl222 0.150%
cl2 0.150% Cl238 0.150%
cl 0.101% cl222  0.101%
Cl238 0.101% c222 0.0774%

ReCY)"?  0.678TeV  yes cl2ss 1.03% o 0.539%

CI0.0558%  CR222 0 0.0558%
CR23 0.0556%  C2 0.0373%
cl22 0.0373%  CR22 0 0.0281%

ReC"?  0.678TeV  no O 0.431% C382 0.176%
o2 0.0892%  Cl222  0.0892%
O 0.0878% O 0.0870%

O 0.0868% O 0.0217%

Table 4.5.: Complete dimension-six operator mixing generated between the EW scale
pEw = 246.22 GeV and the one-coefficient scale estimate Agt. Every per-
centage is the magnitude of the induced coefficient divided by the input co-
efficient. The numerical evolution uses wilson 2.5.2 in a continuously fixed
Warsaw weak basis. “Notable” denotes mixing of at least 1%; coefficients
down to 0.001% are listed.
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5. Beyond Standard Model (BSM)
physics

We now want to investigate the UV fields that could possibly leave their imprint on
muon decay. The direction of our inquiry, as we are coming from the low-energy regime,
makes the necessary line of reasoning quite intricate. Inferring the effective low-energy
limit of a given UV extension of the SM is relatively straight-forward: We construct an
amplitude with a heavy degree of freedom and integrate it out, as we did in Sec.
As we match the resulting expression to the corresponding effective contact interaction
we find its Wilson coefficient. And as we carry out this calculation for all constructable
amplitudes we derive the complete set of Wilson coefficients and thus the full low-energy
EFT. However, finding all UV origins for a given effective operator by such a top-down
approach requires extensive research — which comes down to constructing all low-energy
EFTs for all possible UV models (of a certain type). So for the directive of this work a
more effective bottom-up strategy would clearly be more adequate.

Luckily the bottom-up approach has been made effective by the work on local on-shell
amplitudes of recent years. Specifically Li, Ni, Xiao & Yu showed in [41] the correspon-
dence of on-shell contact amplitudes and effective operators and De Angelis provided
in [18] an algorithm for finding all kinematically independent massive amplitudes from
UV states. This allows Li, Ren & Yu in [42] to present a complete UV dictionary for
SMEFT operators up to dimension seven. Precisely, their dictionary allows us to look up
all BSM particles of spin 0, %, 1 that lead to renormalizable UV interactions which would
then match at tree-level to a SMEFT operator of our interest — which for our endevaour
means a SMEFT operator that could disturb muon decay.

We order the steps of the thought process in the following way: First we look up all UV
fields that produce the SMEFT operators we derived in Sec. In the following section
we analyze the Lagrangian for a specific UV field — Sy — so we are well prepared to derive
our results in the next chapter.

5.1. The UV dictionary

We use the dictionary from [42] to determine the possible UV origins of our SMEFT op-
erators — the complete list of new UV states that at tree-level produce SMEFT operators
of dimension five, six and seven is cited in Tab. in the appendix. We see that the
dimension six operators are produced by adding a single new UV field to the Lagrangian.
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Notation l42| S2 S4 Sﬁ Fl F2 F3 F4

Notation [§] Si ® = N E° A A§
Irrep (1,1); (1, 2)% (1,3); (1,1) (1,1); (1, 2)% (1, 2)%
Notation [42] Iy F i 7 7 |

Notation [§] b P B B cl 4%

Irrep (1,3)0 (173)1 (171)0 (171)1 (1,2)% (1,3)0

Table 5.1.: BSM scalars, fermions and vectors that produce the operators

Ou, Ope, (’)gg, 01(31)7 Oue,Oeup, Ozug  at  tree-level. Fermions have a
superscript ¢ if they are conjugated with each other. Majorana fermions F}
and Fy have parity left, i.e. F = F;, = P.F. Vectors have a superscript | if
they are conjugated with each other.

The four-lepton operators Oy and O, naturally need a bosonic mediator — a vertex of
three fermions would not produce a Lorentz scalar and have half-integer canonical mass
dimension after all. The operators ngg) on the other hand allows for both a vector and a
fermion channel — either connecting the currents (HTDH) and (11) with each other or H'l
with HI. Our two dimension seven operators O;.gp and Og g are produced by either
adding F} or F5 or combinations of fields. The fermions F; ~ (1,1)p and F5 ~ (1,3)p
both have zero hypercharge and transform as real representations of SU(2)r, — so they
are self-conjugate and their Majorana mass exactly provides the AL = 2 for producing a
dimension seven SMEFT operator that violates lepton number by two. For the remaining
completions, no single non-Majorana field suffices — two heavy propagators are needed
in order to attach all the external fields and violate lepton number.

Ou — 52,56, V1,V
Ole — S4,V1, V3
oY) = F1, By, Fs, Fs, Wi
0¥ = Fy, Fy, Fs, Fs, Vi
One — F3,Fy, V1
Olenp — F1, F5, (F3,56), (F3, V2), (Va, V3)
Oz — F1, F5, (S2, 54), (52, Fy), (54, S6), (S, F1)

~ o~ o~~~ o~
or v or ot ot ot ot
N O Ut s W N =
_ = D D O —

The representations of all the UV fields above are given in Tab. The notation in the
first line of the table is that of Li, Ren & Yu in [42], the notation in the second line the
more common names as cited in [8]. We would now like to analyze the (possible) UV
origins of the dimension six coefficients and obtain mass limits. As we see in Eq. the
coefficient Cy; could be produced by scalar mediator Se or Sg or a vector mediator V
or Vj.
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Let us take a look at the precise matching conditions from the dictionary:

Df1f2p1Df4f3p1* Df1f2p1Df4f3p1* pfifsprpfafapy plifsprpfafapy

Oy = 11So 11So 11Sg 11Sg AR AR AR AR
e 2M2 AM? T 22 AM?Z
So Se 1% Vy
f1fap1yfafapr fafip1yfafspi* f2fip1yfafapr*
o DllTV4 DllTV4 DZZSQ DZZSQ DZZSB Dll55 (5 8)
2M?2 2M2 4M?2 -
Va So Se

The indices (f1, f2, f3, f4) are flavor indices which in Eq. are labeled (s,r,t,p). We
see that the matching conditions have the following general structure:

(5.9)

Here we use i = ll,le, HI(1), HI(3), He (the full matching conditions are cited in Eq.
to Eq. in the appendix) and a,b are flavor indices and k is a numerical or group
theoretic factor from the matching procedure. If we denote by R the correction from the
(LEFT or SMEFT) RGE and remember that our constrain €,jjowed relates to the LEFT
coeflicient by a factor of VEV squared €,11owed = szauowed(,u#) we can derive the general
formula for the mass bounds on our heavy mediators:

RrA N
MX>M/M (5.10)
€allowed

For the dimension seven operators we take a look at the matching condition for Cj.gp
— the operator Qg has quite an opulent matching and we only cite it in the appendix

in Eq.[C.7]

p1f5yp2f1 yp2p1 p1f5Df1p1pch2 p1f5 yp2f1 Hyp2p1
Cromp — — 2 DiaPrm Y “uss “mnsi  ve " DpmDrm
€ - 3 4 3
2MF1 MSg 4]\4};5
p1f5 AD2 D1 f1p2 - ~f5p1P2 yP1f1 P2 fsp1* D21 D2 f1
+ Ye CHHsgD”Sﬁ 2D, DFlHl,DHHVJD DeTFgRHTDFngRHDFlHl
+ _
4 2 2
MS@ ]\4);71]\4‘/2 ]\41:1]\41;,3
fsp1* pP1P2* Dpzfl 2 fsp1* D1f1p2% P2
1D D D
et Bl ot Fs  FsHT ™ F5Hl n et Bl Ht Fapitvy “HHV) D
2 2
]WF?,ZWF5 MF3MV2
fsp1* D1D2 D2 f1 fsp1* p1f1p2 AD2 fsp1p2*yp1f1 Hp2
D TFT HTDFT E HDF5HZ D TFT HTDFJT 1 CHH T D t T DF5HlC T
__¢I3p 3RrRY5 ) 3r!56 Se el F5.5g HHSg
2 2 2 2 2
2MF3MF5 MF3M36 MF5MS6
2i7_)f5f1p%*cp2 szpzm . 4é'Df5f1p]1L*Dp2 . cPr2p .
etttvy “HHS, HS:VID etitvy THHVID HVLV (5.11)
- 2 172 B 2 272 :
MSGMV:; MVQMVg,

We see that for a SM extension of a single fermion F; or Fj5 the mass is bound by a term
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of the following form:
1
3
MX = - (|R/{/\eﬁ|> (5.12)

€allowed

For a two-field completion the experiment only constraints:

|R/€)\1)\2)\3|U3

€allowed

M% My > (5.13)

Only if we assume My ~ My the cube root formula applies.

5.2. Correlated mediators

Especially interesting are mediators that produce multiple SMEFT operators that disturb
muon decay — as for example the BSM vector field V;, which matches onto Oy, O;. and
Ogl) all-together. Schematically V; couples to three currents:

LBsm D Vl,u()‘HJIZ' + )\l’pTJl,u,pr + )\e,pTJéL’pT) (5.14)

So integrating out Vi generates simultaneously:

A\ A e 1 AN
1 1 1

These should be constrained together by the LEFT observables — which we will do in the
following chapter.
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6. Results

We begin by discussing the constraints for UV fields that would produce the operator
Oje. From the LEFT bounds in Tab. and from the matching condition in Eq.
we know that the real and imaginary part of its coefficient lie in this 95%-confidence
region:

v?Re[CEM?] in [-0.021,+0.018] and v*Im[CE1?] in [—0.017, +0.023] (6.1)

The UV matching of this operator was cited in Eq. and for C’lzel12 amounts to:

12p1 12p1 D11p1TD22p1: 12p1 . 21p1*1-
Cl2112 . efeVi 7 UTVy B lelS4 eTlS4 n lelTV3 lelTV3 (6 2)
e - 2 2 2 :
M, 2MZ, M,

If we assume single-mediator dominance, a single heavy copy accordingly, and a unit real
coupling product, the appropriate limits for the masses are:

My, My, > e o 181 TeV (6.3)
v

Mg, > ——0 =12 TV 6.4

S /2(0.021) 64

For S4 we used the lower end of the 95% CL region and for V7, V3 the upper end due
to the sign in their matching condition. The SMEFT RGEs only change the Wilson
coefficient by about 1% as we see from Tab. [£.2]

6.1. Heavy Scalar S,

It’s time to change gears and reverse the direction: We take a look at which SMEFT
operators S; produces and if they would show up in muon decay. From the dictionary
we can look up the top-down translation of Sy:

84— O, Octt, Outt, Oarr, 01, O, 0B, 04) 0L 0104, OL1) 1. O

qu >’ ~qu > quqgd’ ~lequ

(6.5)
But we do can not really make any educated assumptions on the hypothetical coupling

of Sy to the quark sector or the Higgs. Let us assume those other couplings are zero —
can we infer something nevertheless?
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The Lagrangian term of Sy relevant for its matching conditions is this:

ALg, = = 2D [(dr) (a)ail (S],)" = DLy7len (ls)il(S,)'
= 2D () (0)as) (Sap)i = Dy g5, 1y b0 H H T HT (Suy),

- D 8160 Hy HH (Sy,); (6.6)

p
HHTHTS4(2)
So the matching condition of Cj. to Sy in prst convention is the following:

psr tpx*

1181 Tetis]
Cle,prst = 3 : (67)
2Mg,
We get for Cje 2112 the following matching:
1la 22ax*
C . _,IDe’flSJLL eTlSZ _ )\eAZ (6 8)
le,2112 = 2M§ = 2M§ )
4 4
We thus can infer:
A2 A2 NN,
1Cle,1111| = — 2]\/;5 |Cle,2202| = — o012 |Cle,1221| = — 2;45 (6.9)
4 4 4
Together with our assumptions A, ~ 1 and A, ~ 1 this translates to:
IO > 12TV |CE%2|>12TeV  |CEH2 > 1.2 TeV (6.10)

For Oie1111 = (leyule)(€ryer) probably Bhabha scattering ete™ — ete™ provides
the most direct probe. Here, Cje 1111 interferes with the SM photon and Z-exchange
amplitudes. A recent scalar-doublet analysis using the LEP differential distributions
quotes [20]:

M
MST >2.7TeV  (95% CL) (6.11)
At Mg, = 2.7 TeV, the unit-coupling prediction is already:
2,~2112 v’
C = ~ 0.00416 6.12
PR = 37 (6.12)

This is well inside the Michel parameter interval. However, muon decay still gives compli-
mentary sensitivity to the complex phase. For the coefficient Cje 2222 a future high-energy
muon collider could probe the muonic analogue of Bhabha scattering, u™p — p™p~ and
significantly extend current sensitivity to muon contact interactions [26].

As Sy is an electroweak scalar doublet, it contains charged and neutral components. The
gauge interactions are fixed by its representation, independently of A, or A,, and the
components could thus be produced through electroweak processes involving v, Z, W*.
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The expected decay would be then:

SY —ete SY =t (6.13)
SE = eFue St — utu, (6.14)

It has been shown that a charged scalar decaying into electrons or muons would provide
an especially clean collider signature [3].

Falkowski & Mimouni discuss in |21] the constraints on SMEFT couplings from Michel
parameter data as well and remark, like us, that at linear order the best bound comes
from 7 and B’/A on the real and imaginary part of C21? ([¢j¢]i201 in their notation)
respectively. They refrain from giving an explicit bound on Sy (“inert Higgs”) exactly
because LEP data provides the stronger bound.

6.2. Correlated mediator V;

The heavy mediator V; produces multiple LEFT coefficients at the scale of muon decay
and we use it to obtain a mass bound from a correlated fit. Let us first take a look at
its Lagrangian:

ALy, = = 2D50, () u(ds)a] Vi, = D0, erues]VEy, = 2Dy iy, p DI HTV,
fol\)/ [(l ) ( ) ] + 2DTQS§TV1[( S)aZ'VM(QT)ai]Vf;
— 2D,y [(r)” %(Us)aW{; (6.15)

We choose real unit couplings A\; = A\, = h = 1 and define:

s = MLV v =0.246 TeV (6.16)
V,LL V,LR
Lap = UQLV&ale Yab = U2Lyé,ab12 (617)

The nonzero coefficients are then:

(a7 b) Zab Yab

(2,1) —s* &

Lo _ (6.18)
(1,1),(2,2),(3,3) s —s?
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If we substitute this into our full-fermion formulas from chapter 3 we receive:

Rea(s) = G =1+ + st (6.19)
a(s) = Grom = s 23 )

o(s) = 3(s) = 5 (6.20)

€s) =€(5) =1 2" (6.21)

&'(s)=1 (6.22)

0s) = —if'(s) = 36+ 5 (6.23)

O;;ZAIZO (6.24)

Define a total chi-squared over our five experimental blocks (TWIST, Danneberg, &', &”
and the electroweak input scheme for Gpgnm):

5’(8>—1'OO>2+<£”(5)—0.98

2
2
0.04 0.04 > FXGp(s) (6.25)

x%ﬁzx%$+xﬂ$+(

And we obtain:
v 0.246 TeV

sg5  0.0595
This is consistent with our first naive result in Eq. [3.17 and moreover with the findings
of Falkowski & Mimouni in Sec. 5.2 of 21| where they report My /X > 3.3 to 10 TeV
depending on the ratio of left- and right-handed couplings.

My, > =4.13 TeV (6.26)

Input-parameter effects of Cyp

The neutral vector singlet V; ~ (1,1)p may couple to the Hermitian Higgs current
according to: o
ALy, D ~\ Vi Jh  Jh =H'WDMH (6.27)

Integrating out V] generates, among other operators:
Cop = ——=~ (6.28)

This coefficient does not induce a four-lepton contact interaction or modify the charged-
current Wlv vertex directly. Its effect on muon decay instead arises through the relations
between the Lagrangian parameters and the measured electroweak input observables.
Writing the Higgs doublet after electroweak symmetry breaking as

H = \}i (v f: h) : (6.29)
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one finds, to linear order in Cyp:
2.2 2 2Y,.2 1

Thus Cgp changes the values of g1, g2 and v inferred from a chosen set of electroweak
inputs. In the {my, mz, @} scheme used here, keeping the measured inputs fixed gives:

9 pred 2 2 2,2
ov Ciy o 060G  ay o Gy AR
& = 12 v°Cyp pred T g2 v°Cygp = 20 (6.31)
v Sy G, Sy sy My,

Since the decay rate scales as I, o G%, this produces an overall normalization shift:

ST 2 )\2 2
i) N S (6.32)
T 52, M2

I CHD w Vl

It does not, at this order, change the normalized Michel-spectrum shape parameters. If
G is itself chosen as an electroweak input, the same effect is absorbed into the inferred
value of v and instead appears in the predictions for other electroweak observables.

A consistent treatment would therefore require the simultaneous redefinition of the elec-
troweak input parameters and the inclusion of electroweak precision observables together
with the remaining operators generated by Vi. Such a global analysis lies beyond the
scope of this work and is not pursued further.

6.3. Dimension seven results

The constraints from the dimension-seven operators are considerably lower than the ones
from the dimension-six SMEFT — this is because their leading contribution to the Michel
observables scale as:

v\ 6
AO ~ |z7]? ~ (f) (6.33)
A
In |25|] the authors constrain the operator Qg via non-standard muon decay: Lfé,L2L112

leads to Axp ~ 0.4 TeV and Lfé%im to Anp ~ 0.2 TeV under the assumption of single

LEFT operator dominance to p* — e* + . + 1,. The results agree at the expected
order of magnitude — our somewhat higher coefficient-scale sensitivity follows from a
tighter Michel-parameter constraint and from using projected symmetric or mixed flavor
directions rather than the single raw coefficient employed in the earlier estimate.
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7. Outlook

We perturbed the Michel parameters of muon decay in the presence of LEFT operators
and traced their possible UV origin all the way up to the scale of new physics. For a
scalar doublet and a vector singlet we derived mass bounds and compared them to the
literature, whereby our results turned out to be consistent with established constraints.
We would now like to reflect on some ideas for improving the precision of the presented
results as well as shifting the conceptual core of the investigation.

Dimension seven and Weinberg The most immediate extension of the dimension-seven
analysis would be a combined treatment of the Weinberg and dimension-seven operators.
Rather than setting Cs to zero at the electroweak scale, one could choose a concrete
UV completion, match all of its dimension-five, -six and -seven coefficients at the heavy
thresholds, and evolve them downwards simultaneously. The resulting Majorana mass
matrix could then be confronted with neutrino-oscillation data, the KATRIN bound,
neutrinoless double-beta decay where applicable, and other lepton-number-violating ob-
servables. Such a multi-frontier analysis is particularly important for the F; and F5 com-
pletions, because the same UV interactions that generate the dimension-seven operators
also produce the Weinberg operator. Existing surveys of dimension-seven lepton-number
violation provide a natural basis for this comparison [25].

Matching to the HEFT Moreover, the SMEFT analysis assumes a linear realization
of electroweak symmetry breaking. If the Higgs does not belong to an approximately
elementary doublet at the scale of new physics, the appropriate intermediate description
would instead be the HEFT. Establishing the corresponding HEFT-to-LEFT matching
would show which relations among the low-energy coefficients are consequences of the
linear Higgs doublet and which survive more generally.

Michel parameters in the on-shell amplitude basis An interesting idea would also be
to formulate the perturbations of the Michel parameters directly in the on-shell amplitude
basis. Instead of beginning with a Lagrangian operator basis or the traditional SPVAT
couplings, one would construct the most general local four-point amplitude for muon
decay:

Al — evpin) = Asm + Y _ar By (7.1)
I
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Here, the B; denote independent spinor-helicity structures that obey Lorentz invariance,
little-group covariance, locality and the required fermionic exchange symmetries. The
muon and, for a complete analysis of the Michel parameters, the electron would have to
be treated as massive external states, whereas the neutrino masses could be neglected.
The coefficients a; would constitute an amplitude-level counterpart of the LEFT Wilson
coefficients and could be related to them by an explicit matching calculation.

The Michel parameters would then arise from bilinears of these amplitude coefficients
after forming the polarized squared amplitude and integrating over the unobserved neu-
trino phase space. Schematically, each parameter could be represented as

¥ _ a'Mxa

= — X o 2
e Xel{pn&ad..) (72)

where Mx encodes the relevant polarized phase-space integral and My determines the
decay normalization. Expanding a = asy + da would directly separate the interference
terms, which are linear in the new amplitude, from the contributions that are quadratic
in it. In this way, the perturbative expressions derived in the LEFT could be reproduced
without introducing off-shell operator redundancies.

The on-shell formulation would also establish a direct connection to the UV dictionary
employed in this thesis. A local four-point interaction observed at low energies can be
opened into possible ultraviolet origins by determining the massive poles through which
the corresponding amplitude can factorize. In the vicinity of a heavy propagator, one
schematically has:

APV D

L R L R
APA e, ADAT o1 o

p? — M?2 M? M1

The low-energy contact amplitude is thus the first term in the expansion of a factorization
channel containing a dynamical heavy field. This would express the full bottom-up
trajectory within a common on-shell language.

The spinor-helicity formalism also points beyond the current Lagrangian formulation
of particle physics. This fits very well with the overall directive of this work, namely
shifting away from the idea of a single, complete theory that determines all observables
and towards a display of the principles that connect the multiple description of physical
reality.
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A. Kinematics

In this section we closely follow the textbook by Scheck [51] and define the momenta as
follows: o o
Mg = Vi + Vi t€p, (Al)

that is the momentum assigned to the muon is ¢, that for the electron is p, etc. The
labels k1 and ko are integrated over in deriving the Michel parameters, so the assignment
to (massless) neutrinos is arbitrary. When treating tau decays, the tau momentum is
also taken to be q.

We take sg = (0, P,7p) to be the muon spin four-vector, with P, the muon polarization
and iy a unit vector in the direction of the muon spin expectation value. A similar spin
vector can be defined for the electron,

.. . P
s1t=|—p-n1,n + ——— , A2
1 <m6p 1,11 me(E—i—me)p) ( )

which projects onto the electron spin state with spin along 7; [52].

We work in the muon rest frame, ¢* = (my, 6), and express the electron four-momentum
us pt = (E., p). Working out the relevant products of four-vectors we obtain:

q :mi, (A.3)

pP=m, (A.4)

q-p muEea (A5)

q-s0=0, (A.6)
my ., .

q-s1= Mp sny, (A-7)

Me
p-so=—P.p-ng, (A.8)
p-s1=0, (A.9)
PP o
—_Pp A.10
50 - 81 u(no n1+me(Ee+me)> ( )

The PDG defines muon decay kinematics dependent on the electron spin in terms of the
product of ¢ - P.. From a theory perspective we are able to choose to align ¢ with the 7
direction.
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The product p - sg is independent of the electron spin orientation:
p-so=—P,|plcosb. (A.11)

Taking é3 to be along p'we find q - s1 lies strictly along és = p:

m

171G (A12)

q-s1=

The vectors p and ng define the decay plane. The é; direction is taken to be the compo-
nent of the muon spin direction orthogonal to the electron momentum,

él _ ﬁo — (ﬁo ﬁ)ﬁ _ ﬁo — COSHﬁ
V1 - (hg-p)? sin 0
and therefore lies in the decay plane orthogonal to p. The product of the electron and
muon spins then decomposes over the é; and é3 directions:

(A.13)

E.
50851 =—F, <sin 0¢1 + 008 0C3> . (A.14)

Finally é5 is taken to be normal to the decay plane. In this case only the structure,
fip - (M1 X p) contributes, which in four vectors corresponds to:

eu,,pgsgslfqpp" = my, P, |p]sin 0¢o (A.15)

A.l. Phase space integrations

In the LEFT, we need to perform phase space integrations of squared amplitudes depen-
dent on higher orders in momentum than treated in Scheck or for example [46]|. Taking
Q = k1 + ko = q — p, and defining

By By
APy = [ — 2= 25 (Q — ky — k A.16
/ 2 STEITE (Q — k1 — ka), (A.16)
we obtain:
/dcb2 1= g (A.17)
/d<1>2 Kl = %Q“, (A.18)

/ A%, K = o (1Q°Q" — Q¥ (A.19)
[ava kg = 160" QQ P @+ Q@] (A20)

o7



It is important to note that all momenta in these basis integrands are the same, i.e. they
are all k1. These results also implicitly assume massless neutrinos. When applying these
identities to our results we simply substitute ko = Q — k1 so that our integrals depend
only on kj.

The decay width is for the muon is then given as:

d*T 1 VEZ—m?2
- (57)5% /d¢d¢>2]/\/l]2, (A.21)

dE.dcosf dmy,

with M the amplitude for the process. As our definition of the two body phase space
excludes factors or 27 some additional factors appear explicitly in our expression for the
differential decay width. For identical neutrinos in the final state an additional factor of
one half is necessary.

Defining the maximum electron energy to be,

W—21 (m +m?2) (A.22)
my,

we make a change of variables to x = E./W giving:

2 212 2
a1 W VW(:” L /d¢d<1> | M| (A.23)

dxdcosf 4m,,

A.2. Michel basis functions

We define the following set of basis functions to aid in extracting the Michel parameters.
Starting with electron polarization independent Michel parameters we define:

¢1(z, o, co80) = /z? — :cox (1—2x) (A.24)
¢2(x,x0,co80) = - $0 (422 — 3z — 22) (A.25)
¢3(z,x0,co80) = /22 —zdzo(l —x) (A.26)

b4(z,z0,c080) = cosb(x? — mo)é(l — ) (A.27)

b5(z, z0,c080) = cosB(x? — x%)g |:(4l‘ —3)+4/1—a2%— 1} (A.28)

These correspond to the kinematic structures multiplying the Michel parameters in the
differential decay rate. For example, considering only p dependence from the decay rate

we have: )
d-r My 442 |/ 2 9 2
—_— ~ p— WG 2 _ 222 (42* — 3z — A.29
dxd cos 0 p47r3 Fy® 09( o T =) ( )



Defining the Gram matrix:

1 1
Gij = / dzr / d cos 9¢1¢]
To -1

We can solve for the Michel parameters by taking:

Here, we have defined:

1 1 2
d-r
b = d dcos———¢;
! </zo v /1 BV xd COSH¢])

(A.30)

(A.31)

(A.32)

For muon decay +1 should be understood to be +1 for positive muon decay, and —1 for

negative muon decay.

The same approach is taken for the other Michel parameters. We split these cases by

their projection onto our choice of (.
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A

Ap

G bunpol = An
—P,A¢
—P,AgS

PA 3
S leree(ed)
_ PA
G lel = _%77
PMA "

12

pAY (A.33)

¢1 The ¢ projection corresponds to Fr, in the PDG notation [48]. The basis functions
we choose are:

b¢y1(w, 0, c080) = /a2 —ad\/1—cos? (1 — z)x (A.34)
bcy2(w,w0,c080) = /22 — 221 — cos? 0(2? — x3) (A.35)
bc,3(w,x0,c080) = /a2 —a22\/1 — cos? 0(4x — 32 — ) (A.36)

(A.37)

These basis functions allow for the extraction of £”, i, and n” respectively. The simul-
taneous extraction of 7 from ¢¢, o and ¢3 provides a useful consistency check of our
results.
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(2 The ¢, projection corresponds to Fp, in the PDG notation [48]|. The basis functions
we choose are:

Gey1(w,10,c080) = (2% — mg)m(l —x) (A.38)
Gcy2(m,30,c080) = (2% — x%)m\/ 1— a3 (A.39)

These basis functions allow for the extraction of o//A and /A respectively.

(s The (3 projection corresponds to Frp and Fup in the PDG notation [48|. The basis
functions we choose are:

bey1(T,30,c080) = (2 —25)(2 - 27 + M) (A.40)
beaal zo,c080) = (a2 —ad)(dz — 4+ /1 - a?) (A.41)
¢y ,3(x, To,cos0) = cosby/x? — :L“%(QxQ —x—x3) (A.42)
beya(w,10,c080) = cosfy/a? — xd(dx® — 3z — 23) (A.43)

)

Pcy5(w, 0, cos0) = cosfy/x? — a3(1l — )z (A.44

These basis functions allow for the extraction of ¢, 8, £, p, and ”. Again, redundancy
with previously extracted Michel parameters provides a useful cross check of our results.
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B. Operator bases

B.1. LEFT basis
Here, we give the operator bases of the LEFT at dimension six used in Ch. ] We

highlighted the operators that perturb muon decay in Tab. and Tab. with a gray
background color.

B.2. SMEFT basis

Here, we give the operator bases of the SMEFT at dimensions six and seven used in

Ch. 4l We highlighted in Tab. Tab. and Tab. the operators with a gray
background color that match onto LEFT operators which perturb muon decay.
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vv + h.c. (vv)X + h.c. (LR)X + h.c.
Ow | WhCvi)  Ouy | W,CoM i) Fy Oy | E1p0"ereFu Oc | FABCGI Gl Gor
Ouy | tirpo™ up,F Og | FABCGIGlragr
Ogy dppodpyFl
Ouc | yo" TAup, G4,
Ouc | dipo™ TAdR, G4,
(LL)(LL) (LL)(RR) (LR)(LR) + h.c.
Owt | T i) (L) et (PLoY"vLr)(ERe e Re) O | (Crpenr) (ELsers)
ot (epr*err)(ELsypers) O (ep*err) (ERsuerr) oz (erpere)(iLstinr)
oyt (ZLpy*ver)(ersyuert) ot (TLpY"'ver) (GRs YutiRe) OLI | (10" e ) (tiLsOutin)
ot (TLpy*vie) (ULsypure) oyt (o™i ) (dRsVudRe) o5 (@rperr)(drsdre)
ot (L vir) (dLsyudre) ontt (Crpyerr)(WrsYutine) 0L | (L0t er)(drsoudr)
Ontt | (erprery) () 0" (expr*ers) (drsudr) Opcan | (Prpens)(dusun)
O | (erprene) (drsmudne) O™ (a7 urr) Erauere) Ovias’ | (Prpo*ene) (dALs0pwtine)
Oyt | (Fpyers) (dpsyuuce) + hec. ot (drpy*dr) (ErsTuere) i (@rpupe)(Grsure)
Oui* (@rpyury) (Ursyuure) oyt (Frperr)(drsyuurs) + hoc. O | (@ T up,) (nsTAur)
Ou™ | (dipydee)(drsyudr) Ou (" ue) (U utir) O™ | (arpunr)(desdr)
oV ILLE (@rpy*ure)(drsyudie) OySLR (" TAur, ) (Arsyu T upe) O3k (T upy)(dLsTAdRe)
Ot | (" Thug, ) oy TAde) Oyt (arpy*urr)(drsyudr) O™ | (depdre)(drsdr)
o OVFER L (g P T ur, ) (s T dr) O RR | (A1, TAdRy) (dsTAdp)
(RR)(RR) oy (drpy*der) (iRsvuure) Onia” (@rpdrr) (drstm)
0:"" (erpy*ens) Ersuers) Ot Ay TAdwe) (arey T ure) Ot | (ayT4dpy)(drsT ure)
bttt (Erpy*err) (URrsVutiRe) oyt (drpy*dpe)(drsyudre)
OV:ER (erpr*err)(drsyudre) OVSLR (" TAdL, ) (dreyy TAdre) (LR)(RL) +h.c.
OX.}RR (@rpy*ury)(URsYuURE) O]‘f{}diﬁ (aLp’YudLr)(dRs'Yp.uRt)+h~C~ OE&RL (eérperr)(trsurt)
ot (drpy"dpr) (drsVudpe) OVELE | (" TAd L) (dRsyp T ups) + hoc. o™ (erperr)(drsdrt)
oY LRR (trpY"urr)(dRsVudRe) oSht (7perr)(drsurt)
O™ | (@rgy" T uns)(dreu T dr)

ud

Table B.1.: LEFT operators of dimension three, five, and six that conserve baryon and
lepton number, and the dimension-three and dimension-five AL = 42 oper-
ators - all tables from p.32]
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AL =4-+h.c.

O | (W, Crun) W, Cvn)

AL=2+h.c. AB=AL=1+h.c. AB=—-AL=1+h.c.
O™ |, Ovir) rere) Onii” | casn(ugy Cdf ) (d} Crre) O™ | capn(diCdL, ) (Ersdy,)
oL (VEpCot vir) ERsomers) O ‘aﬁw(deC“Lr)(“Ls eLt) Onid" Eaﬁ’Y(“LpCdLr)(VLs +)
b | W) Ersen) OSHF | copn(wgTCUl VA o) OSEF | eapn(dTCdl ) (inpiily)
‘ilLL (VngV ) (URstLt) OguﬁR Eaﬂw(deCUL)(uRsCeRt) OsdsR eam(daTCd/zr)( d .)
OLM | W, Comvin) ) OFE" | cann (i Cu)(dlICers) O™ | cans (R, Enad])
O5™ | (v, Cvae)(@nsue) O | eapy(dghCu ) ()t Cerr)  O5" eaﬁv(ungﬁr)(p )
0" | WhyCru)dnsdu) O | comEECui )i Cr)  OG* | conm (@35 CA, ) Eredy)
oL | W Com v (drsouwdi) O’ | eapy (A3 CdY, ) (u}l Cuy)
o3| (wWF,Crpe)(disdpe) O | o (dh Ol ) (W Ceny)
Ofuiu | (VE,Cerr)(dpsury)
et (i, Coer,)(drsoyumurt)
Ofeflf (VZPCGL’V‘)(JLSURt)
Oleate vL,Cy'err)(drsyuurt)
Oliis | WECver)(drsvyuurs)

Table B.2.: LEFT dimension-six four-fermion operators that violate baryon and/or lep-
ton number - all tables from , p.33]
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1: Xx3 2: HS 3: H4D? 5: 1/)2H3+h.c.

Qc | FAPCGIGPPGS" Q| (HIH)?  Quno (H'H)O(H'H) Qe | (HYH)(lye, H)
Qs | FABCGIGIrGr Qup | (H'D*H)" (H'D,H)  Quu | (H'H)(qyu.H)
Qw | TEWIwlew Qan | (H'H)(qyd, H)
QW/ elJKWJuWZ;/pWPKM
4: X2H? 6: ¢Y?XH + h.c. 7: Y2H?D
Qua | HHHGALGY  Quy | (ot e, )t HWL, QL) (HY D WH) ()
Quea | HHHGAGY Q. | (L,o"e,)HB,, Q¥ (H' DLH) (1,101,
Quw | HHHWLW  Quq | (Go" T u)HGA, Qe (H'i'D .H)(ey1te,)
Quw | HHHWLW™ — Quy | (G0 riu) HW], Q4 | WD H) @)
Qus | HHBLBY  Qus | (30™u)HB, Q| (ENDLH) g e)
Qu | HTHB,B"™ Que | (@o"TAd)HGA, Qtra (H'i'D 1) (w7 u,)
Quws | HIT'HW/,B"  Quw | (o r'd,)HW], Qua (H'i'D , H)(dyydy)
Quivy | HITTHW]LB™  Qup | (q0"d,)HB,, Quua+hec. | i(H D, H)(wyn"dy)
8: (LL)(LL) 8 : (RR)(RR) 8 : (LL)(RR)
Qu (b ) (Lsypule) Qee (ep7er) (Esvuer) Qe (lpy"l) (Esyuer)
W @) @) Quu | (@ up) (@syr) Qu | (") (@)
O @) @n'a)  Qaa | (ddy)(dsyudh) Qu | G)(dyudy)
QY | G (@) Qo | (@ en) (i) Que | (@"a)(Esmper)
QY | BT )@ a)  Qea | (@er)(davudy) W (@ e (@)
QU | (' uy) (dsyudy) | (@ TAg) (T ur)
QW | @ T (deuTAd) QYW | (@ e (davude)
QS | (@ T4) (e T dy)
8 : (LR)(RL) + h.c. 8 : (LR)(LR) +h.c.
Qiedg | (Ber)(dsary) Qéi,)qd (@ur)eji(@hdy)
QU s | @T u)ejn(qhTAdy)
Qo | Bepe(@iu)
Q;S;u ( pgwer)eyk( Yo uy)

Table B.3.: 76 operators from the Warsaw basis [29|, that conserve baryon and lepton
number — table from [34].
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P2 H4 Y2H3D

O | €ijemn(UCTYHIHM(HTH)  OFy | eijemn(UiCuer) H H™iD*H™

¢2H2D2 1/)2H2X
Olipy | €ijemn(ECDMH™ D, HY O ijemn(LiC o ") HI H" B

Oips | €mejn(ECDFE)H™ DL H™ Oy | €ij(er)mn (U 0, ) HIH W Y

¥*D

o | eis(dpyuur) (CiDM)
: — 5C ,
O:g;;fiD 60{@’Y(€p"md?)(dé /LD”dz)

prs 7 a C .
O | e lu@)(@iCiDHd])

Table B.4.: Dim-7 SMEFT operators with (AB, AL) = (0,2) - all tables from [45, p.5]

iH (AL =2) Yv*H (AB=1,AL=—1)
%ty | semn(@ETIEY  Ofpiiy | casy(pd?) (uS“d) H
05 | €emn( i) QUM H™  Of, | eapy () (d2d) H
ot | cimein (@) (QIIH™ Ol | ity (GQi)(dd d)) HY
on | ei(dplh) (u e ) HY OZC;JH ij€as (L) (QIC Q) HY
O | €is(@pur) IS HY

Table B.5.: Dim-7 SMEFT operators with (AB,AL) = (1, —1) - all tables from [45, p.5]
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B.3. Renormalization Group Equations

Here we cite the full one-loop RGE for the relevant SMEFT operators. The overall
structure of the dimension-six SMEFT renormalization group equations was presented in
[36]. The Yukawa loop contributions were given in |35] and the Gauge loop contributions
in [4] - from the latter two papers we collect the results and add them here together. The
notation in the papers is the following;:

. dC
= 167 u—— B.1
C=16m"p 0 (B.1)
. 1 t 1 1 + 1 1 t 3 , 1 + (3)
C i = 77[}/3 Y;a]pTCHl - 7[}/3 Yve]stCHl + *[Y; Yre]prCHl + *[Y;g Y;a]stCHl
prst 2 2 pr 2 st 2 pr
1 1
— VIV Cff) = VIV Cly) = 5 Y0 Yol € 1e = 5 V8]0 [Yeuor € e
pt sr 2 prow 2 stvw
™ Mo e Ao A B
+ 7y u +y u +Cuv;  +Cu vy (B.2)
pU vrst sv p’rvt pust prsv ot
2
+ 391}’hw0§{l)5pr - 69 Cérl)‘spr + 39 Cgl)épt +3 39 201(%)57«3

4
91)/1 iC ll 5p7"

4 4
~giyiC 1 O+ =giyiC u Opr +
3 pruow 3 stww 3 wwst

2
+ ggfyhy10§{25 t— ggzcérz)ést +

pr pr
4 2 2 2 2
+200YiC u Ga+ 291ViC u b5+ S9ViC u Gpr + 591iC u Sst + 291ViC 0 Opr
3 wwpr 3 pwwr 3 swwt 3 w’/‘pw 3 wtsw
1
——g5C | b5t — QQC 1l 5pr—*g§C i Ost — 920 1 Opr + ggC i Opt
6 pwwr 6 swwt 6 wrpw 6 wtsw 3 sSwwr
1 1
+ QQC 0 Ors + gQC' 1 5pt‘|‘ 920 i Ors + glNc)’l)’qC() 5st+*g%Nc}’lyt]C( 121
3 pwwt 3 wWrsw 3 wtpw 3 prww 3 stww

1
- gg%NcC( l)q Ost — gg%N C( ) Opr + ggN C( ) Opt + 392N C( ) Ors
ptww

prww stww srww

2 2 2 2
+*9%NCYIYUC lu Ost + glNCYIyuC lu 5pr+ gl NeyayiCo1a Ost + 391 NeyayiC'1a 5pr

3 pruww 3 stww 3 pruw stww
2 2

+ 208yeViC ie Sst+ =91¥eyiC e Spr +695C 5 —3 (g5 —4yigi) C u (B.3)
3 pruow 3 stww ptST‘ pTS
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~(3 1 1 1 3 1 1 3
649 = -2l o+ MV 0C) + ) + S50 + SNV
pr tr tr it ot
—(Cu +C ) YMVels — 2NCG) [V Ya+ YIValhs + 20 C5) + V) + Cy Y
ptsr srpt prst pr pt tr pt tr
(B.4)
1 2
+ gQCHD(SpT + g CI('-?Z)(SPT + g N C](r?)épr + g Cl(tll) + 920 u + 7950 n o+ 795‘]\]60(32
3 3 q 3 3 pwwr 3 wrpw 3 prg)w
— 6g3CY;) (B.5)

pr

C le — [Ye]srfpet [Yf]ptge - [Y Y]prCHe + Q[Y YT]stCérl) [Yj]pv [Ye]wr Cvfsew - [YeT]pw [ e]vr C ee

prst pr wtsv
- 2[Yj]pv D/e]wr C e + [YeT]pw D/e]sv c le — D/J]wt [ e]sv C 7/ D/eT}vt [Ye]sw C i
vwst vrwt pwur pvwr
— At Velow € u + V0t Ve € 1e +937C 10 +987C 10 +C 1o 407 +C 4 427
prow pUSW pv vrst Sv prot pust g prsv vt
(B.6)

4 4 8 8 4
+ glthICHeépr+Sglye}'hc](ﬂ)(;st+3glye}/lc 1l 5st+391yeylc u 5st+391ye}/lc 1 Ost

3 pr prww wwpr pwwr

8 4 8 4
lg Ost + glNCYquC qe 5pr7L 3glyec le dst + 391YZC le 5pr

3 wrpw prow 3 pruww wwst

4 8
+ =g1yeyiC i Ost + gngcyequ(l)

4 4 4 4
+ *Q%NCYGYuC w Ost + 391 NeyayeC ia st + 391 CYZYUC Lu 5pr + 391 NeyayiC'ea 5pr

3 pruw pruww stww

4
gg%}’ewc €e 5pr - 12}’1Ye9%0 le
wwst prst

(B.7)

4
79%ye}/l0 ee 5pr +
wtsw

4 4
+ 7g%ye)/lcst‘zgw5pr + - 3

2
3 S9YeNiC ee Opr +

For the dimension-seven SMEFT operators, we cite here the results from [43] - the authors
present their results directly in terms of the counterterms that each operator requires at
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one loop, so we collect the respective contributions from all SMEFT operators.

Cemn = + é{ (993 + 793 — AWi) Coiily — 893 (Chinys — Clin + 2Cuin)

— AV (Va)ouo (€255 + Cliv + Clily — Clfity) — 26V Yo Clithy

+ (Yo )or (Clith +4C83) + 5V Y )usCliily — (YY)t (40T + 3CHH)
[}~ {30 (Clipr + Cifion)

— 3| (Dt (Cliipr = Citrpn) = 200D (Clfipn = Clirpn) | = 40V Wik }

1
— {368 = ) [ DiCliipe = (Vs (Cltip = Clirpe) | = 40D WE )
1
= 302 [V Citrs + (Yl — 40D i) + 593
3
{(YeT)pt (5Cff1W + ClSIZW) - 4(YeT)ps (Cflirw - ltITJW)} - §(Y6T)pr(yd)va$SQvl§ql
3
- §(YJ)pr(Yd)vw (0522%2 - C&?ng2)Cg;5§H2 + 3(}/vef)pr(yj)vw05ﬁlt1{ (B-8>
. 1
Clup = 1| (398 = 120 = 6Wa) Ol = (VeYupCilrp = 2(¥e)or (V) Ot

1
8o Oftyp | = 3{ (Vedor | (30F — 403) Cliin + (301 +203) Cif |

— [N p(Yo)ur (2CH 1 = i) + ALYV Cl 1|}
1

— 25| (1862 = 1763 = ) (Y)ur €y — 4(5VY Vo) or Cly

+ (VYD up(Yohur Ciifpa ) | + 300 Ya) o G, (B.9)
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C. UV Matching

C.1. Irreps

UV scalars, fermions and vectors that contribute to SMEFT operators up to dimension
7 at tree-level in Tab. [42].

Notation |42| 51 SQ 53 S4 S5 Sﬁ S7 Sg
Notation |8| S 81 82 %) = El @1 @3
Irrep (1,1)o (1,1); (1,1)9 (1, 2)% (1,3)0 (1,3); (1,4)% (1,4)
Notation I42| Sg SlO 511 512 513 514

Notation [8| W4 w1 wWo 1I; I, ¢

Irrep (314 B, B1); 32, 32; (33

Notation [42)] S5 S16 Sz S8 S19

Notation l8| Qg Ql Q4 Tl (0]

Irrep (671)—% (63 1)% (671)% (673)% (83 2)%

Notation l42| F1 F2 F3 F4 F5 F6 F7

Notation [8| N Ec ¢ s )Y, g

Irrep (1,1)0 (1,1); (1,2)% (1,2)% (1,3)0 (1,3)1 (1,4)%
Notation [42] Fy Fy Fio Fia Fip Fis Fiq
Notation [8] D U Qs Q1 Q7 T T

Irrep 3,1 (3,12 (3,2).s (3,2)2 (3,2)z (3,3)_; (3,3):
Notation [42] %1 Vs V3 Vi Vs Vi %

Notation [§] B By £l w Us Us Qs

Irrep (1,1)o (1,1); (1, 2)% (1,3)0 (3, 1)% (3, 1)% (3, 2)7%
Notation I42| Vé VE) Vvlo V11 V12 Vig V14

Notation [8| 0 X Vi Vi g G1 H

Irrep (372)é (373)% (672)7é (672)% (87 1)0 (871)1 (873)0

Table C.1.: BSM scalars, fermions and vectors that can contribute to operators up to
dimension 7 in SMEFT at tree level. Table(s) from |42, name in the second
row corresponding to [8]. Fermion superscript € if they are conjugated with
each other, Majorana fermions F; and Fj have parity left, ie. F = Fj =
PpF. Vector superscript | if they are conjugated with each other. Fields
that produce the operators Oll,OZE,OSI),OS?,OHe,OleHD,OgmH relevant
for muon decay are highlighted in gray.
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C.2. SMEFT to UV matching conditions

Dflfzpl Df4f3p1* Df1f2p1Df4f3p1* plifsprpfafapy plifspipfafap

Oy = 11So 11So 11Sg 11Sg AR AR AR AR
e 2M2 AM2 T 22 AM?
So Se 1% Vy
f1fap1yfafapr fafip1yfafspi* f2fip1yfafapr*
o DllTV4 DllTV4 DZZSQ DZZSQ Dll56 Dll55 (C 1)
2M?2 2M2 4M?2
Va So Se

fifsprpfafip DflfolDf3f4fl* Df1f4p;pf3f2p;*
C eteVi UtV eflS] — ells) etV ellt v
le =

- + (C.2)
2 2 2
MZ, 2012, M,
-yf1fap1 yp1 :yf1fap1 yp1* D1f1 yp1fax D1 f1 D1 fax
o _ Dyiv, Pumivio  Puivi Pumivio - PrmPral DFQZHUDFQZHH
Hl — — 2 2 2 - 2
le MV1 4MF1 ZJUWF2
D1f1 yp1 fa* D1 f1 D1 fax
3D mDPr B 3Dy ut1Pry i (C.3)
D) 2 :
8MZ, 8MZ,
-~ f1fap1 yp1 -~ f1fap1 yp1* D1f1 D1 fa* D1 f1 D1 fax
o® _ Duv, Puuivio Putvy Puwivio PrmPrai PryutiPryot
o — 2 o 2 - 2 o 2
2MZ, 202, 4MZ, 4ME,
D1f1 yp1fax D1 .f1 D1 fa*
DimPrt ProptiProm (C.4)
2 D) :
8MZ, 8MZ,
e~ F1fAP1 D1 o~ J1FAD1 AP ¥ fip1 Df4p1* Dflpl fo;ppk
Cro = Do Puwivio Priovi Pt el Pl Ht ™ et Pl HY el FJpH el FJ H
€ 2 B 2 2 B 2
le le QJ\JF3 2MF4

(C.5)
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CleHD = -

_|_

P1f5f1p1p2 pP2
yg1f5 P21 pp2p1 Yye °D CH st

p1.f5 yp2.f1 Hyp2p1
PHIYFHL 13 Y "PrmPrim
3 4 3
QMF1 MS@- 4M 3
p1f5 AD2 D1 f1p2 - f5P1P2 yP1f1 P2 fsp1* D2D1 D2 f1
Ye CHHS(]; DllS(; n 22D6F1 Vo DFl HZDHHV;D DeTFgRHTDFlFJRHDFl Hl
4 2 B 2
MS6 ]\LleV2 Mp, MF3
Df5p1* pP1P2* Dp2f1 2Z'Df5p1* Dplflpz* P2
et Ht T FsL FsHT ™ F5Hl 4 et B HT T Fy 1tV THHV D
2 2
Mp, MF5 Mg, MV2
Dfsm* pPLP2 Dmﬁ Dfspl* Dplflm cP2 Df5P1P2*DP1f1 cP2
el FjpHI T Rl psH T FSHU et pl ot Pl p1Ss HHS] etrss) T ESHITHHS]
2 2 2 2 2
2MF3MF5 MF3M36 MF5M86
QZ-Df5f1p1*Cp2 pP2p1 4in5f1p1 * P2 cp2p
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